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Abstract | Due to x{ray polychromaticity CT attenuation
data cannot be directly used for PET attenuation correc-
tion (AC). Usually, the polychromatic CT projection data
are converted to the desired 511 keV by image{based image
domain scaling methods [1]. However, due to the nonlinear-
ity of attenuation this is a zero order correction only. Ide-
ally, corrective measures must be applied in the rawdata do-
main. We therefore implemented a beam hardening correc-
tion (BHC) algorithm dedicated for PET/CT. Our method
is image{based since it starts from CT images and provides
corrected CT images. Internally it operates in both the im-
age domain and the projection data domain. The algorithm
resamples the CT volume to PET resolution and performs
a weighted thresholding to obtain a material distribution.
Then, the set of material images undergoes an iterative cor-
rection process that consists of several forward projectio ns
and backprojections along the original ray direction. Al-
though this can be done until convergence we found that the
material images do not su�er from beam hardening artifacts
anymore after just one iteration. From these corrected ma-
terial distributions the desired monochromatic CT image at
511 keV is easily obtained by linear combination.

A simulation study, phantom and patient measurements
with a Sensation 4 and a Sensation 64 spiral multi{slice CT
scanner (Siemens Medical Solutions, Forchheim, Germany)
were carried out to compare the 511 keV volume obtained
with iBHC to the standard image{based method.

In the presence of dark streaks due to beam hardening, for
example in the head or pelvis region, the iterative approach
achieves to remove these streaks whereas the image{based
scaling cannot do so. The scaled images show di�erences of
up to 50 HU in the pelvis region. The additional compu-
tation time required lies in the order of 0.2 s per slice and
material. Our results indicate signi�cant improvements ov er
the standard approach. However, a clinical evaluation with
PET/CT data must follow to �nally validate our results.

I. Introduction

X {RAYS typically form a polychromatic spectrum
where the total attenuation does not follow the simple

exponential law but is a superposition of various exponen-
tials.

The log attenuation, as it is used for CT, is given as

q(L ) = � ln
Z

dE w(L; E )e
�

Z
dL � (E; r )

: (1)

Here, L is the line of integration corresponding to the ray
direction and � (E; r ) is the energy{dependent spatial dis-
tribution of the linear attenuation coe�cient. E is the pho-
ton energy andw(L; E ) is the detected spectrum (normal-
ized to area 1) comprising the distribution of the emitted
x{rays, pre�ltration, shaped �ltration and the sensitivit y
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of the detector. Note that that the detected spectrum is
angular dependent, and thus a function of the ray posi-
tion L . For convenience, we will dropL from the following
equations.

In CT, one seeks to assess� by acquiring data over var-
ious lines L followed by image reconstruction. Due to the
non{linearity of (1) one will observe signi�cant artifacts
when approximating the measurement by the ideal x{ray
transform or Radon transform. Therefore dedicated �rst,
second or higher order correction algorithms have been de-
signed and there is a vast amount of literature describing
these [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13],
[14], [15], [16], [17], [18], [19], [20], [21], [22], [23], [24], [25],
[26], [27], [28].

All these approaches, including the one presented in this
paper, require some a priori knowledge. The most common
way is to assume the decomposition� (E; r ) = f (r ) (E )
where  (E ) is the energy dependence of the most promi-
nent material in the object. In our case this would be
the energy dependence of water and the correction that
is applied in all clinical CT scanners is known as water
precorrection [7], [9], [18], [23], [24], [28]. The aim of the
water precorrection is to reconstruct f (r ) where f is de-
signed such that the measurementq is reproduced by the
polychromatic Radon transform Rf of f :

q = Rf f = � ln
Z

dE w(E)e� p  (E )

with p = Rf =
Z

dL f (r ):

In clinical CT, where  (E ) is taken to be the energy de-
pendence water (E ) of water, image reconstruction consists
of the water precorrection followed by an inverse Radon
transform R� 1; altogether this corresponds to invertingRf .
This inversion is usually performed empirically instead of
doing an analytic water precorrection. The reasons are
insu�cient knowledge of w(E), cupping due to scattered
radiation and general calibration issues. A very simple but
highly e�cient empirical cupping correction algorithm is
described in reference [29].

Whenever the assumption of having a water{equivalent
object is not given beam hardening artifacts will appear
even when water precorrection was performed (�gure 1).
One prominent example are CT images of the pelvis or
of the head. In those images dark streaks appear between
bones of high density. Especially in the femur region images
show a dark band between both femurs. One reason for this
behaviour is the di�erent energy dependence of bone, i.e.
the assumption  water is similar to  bone is not justi�ed



anymore (�gure 2).

II. BHC

Here is what we can do to remedy the situation. Letf
be the initial image that probably contains beam hardening
artifacts and let g be the desired corrected image. Assume
that

Rgg = Rf f (2)

is the relation you want to solve for g. The polychromatic
Radon transform Rf is supposed to undo the water precor-
rection (zero order BHC) that may be inherent in f . If the
initial image is not precorrected for zero order beam hard-
ening it is safe to assumeRf = R. The Radon transform
Rg is also a polychromatic Radon transform. However,Rg

incorporates a better a priori knowledge of the object than
does Rf . This means that Rg may account for di�erent
materials that have been obtained by segmentation, for ex-
ample. We come back to precisely de�ningRg later.

To stay in image domain multiply (2) by R� 1, de�ne the
abbreviation Bfg = R� 1Rfg and expand the lhs to obtain
(1+ Bg � 1)g = Bf f . We may think of the beam hardening
term Bg � 1 to be small compared to 1 and thus rearrange
the equation to �xed point form by adding (1 � Bg)g to
both sides of the equation:

g = Bf f + (1 � Bg)g:

Doing further expansion and rearranging we arrive at the
analytically equivalent but numerically superior update
equation g = f + ( Bf � B)f + ( B � Bg)g where B = R� 1R.
Substituting the Radon transform operators gives

g(n +1) = f + R� 1(Rf � R)f + R� 1(R � Rg)g(n ) (3)

where g(0) = f is used to initialize the process. Note that
the operatorsRf and Rg are non{linear and care has to be
taken when manipulating the update equation.

The sequence (3) of Radon and inverse Radon transforms
has to be understood in a numerical sense and the arrange-
ment of the terms ensures error cancellation and avoids
noise propagation. This can be seen by noting that each
pair of low resolution terms that are obtained by forward
projection immediately cancels (up to the polychromatic
e�ects that we want to correct for). The equation is further
optimized for low memory consumption and high compu-
tational performance: The terms depending onf have to
be computed once only and can be stored.1

The second polychromatic forward projection operator
shall incorporate a priori knowledge of the object. To de�ne
Rg assume you can decompose your object as

� (r ; E ) =
IX

i =1

gi (r ) i (E ) = g(r ) �  (E ) (4)

where thei is indexing di�erent materials (e.g. water, bone,
contrast agent) and wheregi (r ) is the distribution of mate-
rial i and  i (E ) is the i {th material's energy dependence,

1 If only one iteration is required (3) reduces to g(1) = f + R� 1 (Rf �
Rg )f which is of advantage compared to (3) since it saves one back-
projection.

Fig. 1. Due to beam polychromaticity dark streaks (arrows) a ppear
between objects that are of higher atomic number than water.
These beam hardening artifacts are of higher order than what
the typical water precorrection can account for.

Fig. 2. The attenuation coe�cient is a function of the photon energy
E . For di�erent materials this energy dependence is di�erent . In
particular water and bone play a role in clinical CT imaging.

respectively. The material imagesgi are obtained by seg-
mentation of Rg 's operand. Then we can de�ne

Rgg = � ln
Z

dE w(E)e� p �  (E )

with p = Rg =
Z

L

d3r g(r ):

The computation of Rgg thus involves a forward projec-
tion of each material imagegi (r ) for all i = 1 ; : : : ; I . The
non{linear energy integral applied to the forward projected
values pi may also be computational expensive since it re-
quires the evaluation of several exponentials and logarithms
for each ray L .

III. Simple Segmentation

To demonstrate the performance we have to agree upon
some segmentation algorithm. For simplicity, we use a
threshold{based weighting approach that can be parame-
terized to behave equivalent to the segmentation techniques
used in early PET/CT [1].

With a � b � c � d let

w(a; b; c; d; f) =

8
>>><

>>>:

(f � a)=(b� a) if a < f < b
1 if b � f � c
(d � f )=(d � c) if c < f < d
0 elsewhere



Fig. 3. We use a simple image{based segmentation technique t hat
assigns material{dependent weights to each voxel.

Fig. 4. PE phantom with three HA400 (Ca{Hydroxy{Apatite,
400 mg/cm 3 ) inserts scanned at 120 kV with a 64{slice scan-
ner. The images are processed at the original CT resolution.
The gray scale center was set to the mean value of the phantom
background.

be a trapezoidal weight. Thenwi (f ) = w(ai ; bi ; ai +1 ; bi +1 ; f )
with ai � bi � ai +1 and a1 = b1 = �1 and aI = bI = 1
is the weight function we want to use for the i {th material.
It is normalized as

P
i wi (f ) = 1. We will now segment an

image g as

gi (r ) = g(r )wi (f (r )) :

Figure 3 shows the weighting function as we use it for this
paper's reconstructions. Below 100 HU the voxels are as-
sumed to be water equivalent, in the range from 100 to
1500 HU we assume the voxels to be a mixture of water
and bone while for the very dense objects above 1500 HU
the voxel is assumed to consist of bone.

Note that the computation of the weights is based on the
original CT image f and the weights do not change dur-
ing iteration. Therefore no adaptation of thresholds, as it
would be the case if the weights were based ong, is neces-
sary between iterations. Also note, that the normalization
of wi means that g(r ) =

P
i gi (r ). Relations of that kind

can be used to save one forward projection during each
iteration. (Remember that each iteration does not only re-
quire the polychromatic Radon transform Rgg but also the
monochromatic Radon transform Rg.)

Fig. 5. Patient scanned at 120 kV with a 4{slice CT scanner. Th e
images are processed at the original CT resolution. The sub-
traction image shows the original reconstruction minus the beam
hardening corrected image. The range of CT{values within th e
ROIs drawn into the subtraction image is given in the format
[min ; max].

Fig. 6. Multiplanar reformations of the patient of �gure 5, p rocessed
at the original CT resolution.

IV. Converting to 511 keV

From (4) we �nd that conversion to some monochromatic
energyE0 is possible using the linear combination

� (r ; E0) =
IX

i =1

gi (r ) i (E0) = g(r ) �  (E0):

Thus, this �nal conversion step is equivalent to the classical
image domain scaling method that is used in PET/CT.

Therefore we are free to provide the resulting corrected
images at a monochromatic energy ofE0 = 70 keV instead
of converting them to 511 keV since as expected it turns
out that this conversion, be it the classical image domain
scaling method or the �nal step of our iterative approach
that linearly combines the material imagesgi (r ), does only
modify the image gray levels in the same way the segmenta-
tion is carried out. Due to our choice the corrected images
are directly comparable to the original CT images (similar
gray values). All results that are found and all conclusions
that are drawn at 70 keV where checked to be also found
in the 511 keV images.



Fig. 7. The same patient from �gures 5 and 6 processed at low
resolution with 2 mm voxels.

V. Results

Our simulations of polychromatic rawdata of virtual CT
phantoms followed by one iteration of BHC showed good
removal of the beam hardening artifacts. This is mainly
due to the fact that the x{ray spectrum that was used
for simulation was also used for the BHC. We here rather
regard physical measurements. There we neither exactly
know the spectrum nor the detector sensitivity. Even the
tube voltage is only known to a certainty of � 5 keV since
the nominal value may di�er from the actual value by a
certain amount. Since the CT images are precorrected
for beam hardening and scatter and since our algorithm
operates on these precorrected data the error introduced
by using a semiempirical spectrum (e.g. [30]) based on the
nominal tube voltage value, realistic assumptions about the
pre�ltration, the shaped �lter and the attenuation proper-
ties of the detector for BHC correction is of second order
only.

A 20 cm PE phantom with three HA400 (Ca{Hydroxy{
Apatite, 400 mg/cm 3) inserts was scanned with a nominal
tube voltage of 120 kV. Figure 4 shows the original recon-
struction and the BHC. The dark band running through the
three inserts is removed by the correction algorithm and the
true Houns�eld values are restored. The corrected image is
slightly overcorrected since white streaks appear where the
dark bands have been removed. This overcorrection error
is a factor ten less than the original error and thus negligi-
ble. We further �nd that the slight capping that is visible
in the original image is completely removed by the BHC.
Di�erences between the original and the beam hardening
corrected images are better emphasized in the subtraction
image. The beam hardening correction also restores the
true CT{values: the PE phantom whose density is 0:93

times the density of water is corrected from � 80 HU to
� 70 HU.

The remaining �gures 5, 6 and 7 show recontructions of a
head patient. The skull is highly prone to beam hardening
artifacts. Having a careful look at regions close to massive
bone structures reveals these artifacts. Again, the beam
hardening correction algorithm signi�cantly improves the se
areas. Obviously, the corrections do apply also to regions
where beam hardening artifacts were not obvious in the
original data. E.g. CT{values in the bone region are modi-
�ed by up to 300 HU which corresponds to a relative error
of roughly 10%.

For completeness, �gure 7 shows the same correction
based on processing low{resolution data that were reduced
to about 2 mm spatial resolution before running BHC. The
computation time of our implementation of BHC, which is
running on a 3 GHz PC, lies at about 2 s per 1 cm lon-
gitudinal range when using such 2 mm voxels and when
decomposing intoI = 2 materials. For example the head
scan shown in �gure 4 covers a longitudinal range of 15
cm. Downsampling to isotropic 2 mm voxels followed by
the computation of the monochromatic images and conver-
sion to 511 keV took altogether about 30 s.

VI. Discussion

We have implemented a beam hardening correction that
is image{based and that uses a series of forward projec-
tions and �ltered backprojections to iteratively restore t he
true CT{values. Our approach accounts for the water pre-
correction inherent in clinical CT data and thereby the er-
ror introduced by the uncertainty about the true detected
spectrum is minimized. The segmentation scheme used in
this paper is simple and only two materials were consid-
ered. For realistic PET/CT applications it can and should
be replaced by more sophisticated techniques such as seg-
mentation of contrast, bone and water.

The corrected images indicate that iterative BHC signif-
icantly improves CT image quality and improves the quan-
ti�cation accuracy of CT values. Since the beam hardening
errors can be easily as large as 10% the correction may be
of high value for PET/CT attenuation correction where ac-
curate attenuation correction factors are desired. Due to
BHCs very low computational burden it appears applicable
for PET/CT. However, a clinical evaluation with PET/CT
data and reconstructed PET images must follow to �nally
validate our results.
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