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To achievehighervolume coverageat improvedz-resolutionin computedtomography-CT!, sys-
temswith alargenumberof detectorows aredemandedHowever,handlinganincreasechumber
of detectorrows, as comparedo today's four-slice scannersrequiresto accountingfor the cone
geometryof the beams Many so-calledcone-beanreconstructioralgorithmshavebeenproposed
duringthelastdecadeNonemetall the requirement®f the medicalspiralcone-beanCT in regard
to the needfor high image quality, low patientdoseand low reconstructiortimes. We therefore
proposean approximatecone-beamalgorithm which usesvirtual reconstructionplanestilted to

optimally ®t 180Espiral segmentsi.e., the advancedingle-slicerebinning-ASSR algorithm.Our

algorithmis a modi®catiornof the single-slicerebinningalgorithm proposedby Noo etal. @hys.
Med. Biol. 44, 561+570~19994# sincewe usetilted reconstructiorslicesinsteadof transaxialslices
to approximatethe spiral path. Theoreticakonsiderationaswell asthereconstructiorof simulated
phantomdatain comparisorto the gold standardl80ELI-single-slicespiral CT! were carriedout.

Imageartifacts,z-resolutionaswell asnoiselevelswereevaluatedor all simulatedscannersEven
for a high numberof detectorrows the artifact level in the reconstructedmagesremainscompa-
rableto that of 180ELI.Multiplanar reformationsof the Defrise phantomshownoneof the typical

cone-beanartifactsusuallyappearingvhengoingto largerconeanglesimagenoiseaswell asthe

shapeof the respectiveslice sensitivity pro®lesare equivalentto the single-slicespiral reconstruc-
tion, z-resolutionis slightly decreasedThe ASSR hasthe potentialto becomea practicaltool for

medicalspiralcone-beanCT. Its computationatomplexitylies in the orderof standardsingle-slice
CT andit allows to useavailable2D backprojectiorhardware. « 2000 AmericanAssociationof

Physicistsin Medicine.@0094-24050! 00804-X#
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[. INTRODUCTION

The introductionof multi-row detectorsystemsin 1998 of-
fered improved capability of volume scanning.Shorterex-
amination times at a higher z-resolution have become
available' Neverthelessto achieveisotropic submillimeter
resolution,thesemulti-slice scannerswhich typically mea-
surefour slicessimultaneouslystill haveto usea low table
incrementd per rotation. Coveringcompleteorgans suchas
the lung, at a high spatialresolutionduring a single breath-
hold is not alwaysfeasible.

Increasinghe numberof detectorowswould remedythis
situation. Moreover, the use of areadetectorswould more
ef®cientlyusethe availablex-ray power,sincea larger part
of the x-ray conewould haveto be utilized. Unfortunately,
whengoingto 16, 32, or evenmore detectorrows, one can-
not neglectthe effect of the increasingconeangleanymore,
asit is currentlydonein four-slice CT. New reconstruction
algorithms that take into accountthat the measuredfan-
beamsaretilted with respectto the z-axis haveto be devel-
oped.

The developmenof the so-calledcone-beanreconstruc-
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tion algorithmsis divided into two parts:the exactandthe
approximatealgorithms.Exact algorithmstry to exactlyin-

vert the cone-beantransform,either by calculatingthe Ra-
don transforn® or by using a ®ltered backprojection
approacH:® Doing so, they face severalproblems.In many
algorithmsthe object hasto be completelycoveredby the
cone-beanfor eachprojection’® Recentapproachesver-
comethis problemby using datacombinationfor truncated
projectionsto calculatecompleteRadondata.This, however,
implies that for the caseof a spiral trajectorythe total spiral
scanrangehasto completelycoverthe object. The problem
of reconstructingan ROI ~egion-of-interesthere, a range
alongthe z-axid from a spiralscanextendingoverthelength
of that ROI only becameto be known as the long object
problem.

Someexactalgorithmshandlethe long objectproblemby
addingtwo circles at the beginningandthe end of the scan
path® which is not easily realizablein medicalCT sincethe
table acceleratiorand decelerationmust not exceedcertain
valuesdue to mechanicaland patientcomfort reasonsThe
algorithm proposedby Schalleretal.” exactly handlesthe
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long objectproblemfor the caseof a spiraltrajectorywithout

addingtwo circlesto thetrajectory.Neverthelessit doesnot

allow for a projectionwisej.e., sequentialprocessingf the

measuredittenuationdata~aw datd which is of high inter-

est due to computer memory reasonsand reconstruction
speedEvenif this problemwassolved,the exactalgorithms
havea relatively high computationatomplexityin common
which makesthemslow andthussomehowbulky for the use

in medicalCT.

On the other hand, thereare the approximatecone-beam
algorithms®*% By not usingthe Radonspaceasan interme-
diate domain the long object problemis avoided.Further-
more, these algorithms are also easierto implementand
computationallylessdemandingNeverthelessyith increas-
ing coneangletheyintroduceseverecone-beanartifactsand
thus are acceptabldor medical CT only whenusing a rela-
tively low numberof detectorrows®®

We developed the advanced single-slice rebinning
~ASSR algorithm to potentially overcomemost of these
problems.ASSR is primarily basedon Noo's single-slice
rebinning approach? However, ASSR usestilted recon-
structionplanesinsteadof transaxialones.Unlike othersimi-
lar approachegound in the literaturé®>® ASSR is formu-
lated as a rebinning algorithm. The measuredspiral cone-
beamdataare rebinnedalongtilted reconstructiorplanesto
parallel geometry.The tilt angleas well as the attachment
pointsto the spiral trajectoryof thesevirtual reconstruction
planesare optimized using a minimization procedure.The
rebinneddatasetsarereconstructedisinga conventionaD
parallel ®lteredbackprojectionto producetilted imagesin
spatialdomain.The stackof tilted imagesis thenresampled
with a z-®ltering procedureto give the ®nal reconstructed
volume dataon the Cartesiargrid.

ASSRis formulatedas a rebinningalgorithmandthusis
ableto handlealmostany possibledetectorgeometryaslong
asthe focustrajectoryis spiral and aslong asthe complete
requireddataaresampledThe objectof this paperwill beto
presentpractical and theoretical considerationsconcerning
the ASSRalgorithmusinga medicalCT scannemith cylin-
drical areadetectorsA setof reconstructedvirtual phantom
datacorrespondingo various scanmodes~varying number
of detectorrows and varying table increment will be pre-
sented.Comparison®f the algorithm's performanceimage
quality, dose,noise,reconstructiorspeedgetc! will be made
to single-slice spiral CT with 180ELI reconstruction,the
presengold standardsincethis is the mostchallengingtask.
A benchmarkingf ASSRandotherapproximatecone-beam
algorithmswill be givenin Ref. 13.

This paperis organizedasfollows. Sectionll givesabrief
introductioninto the notation and an alphabeticallysorted
list of all variablesusedin this paper.In Sec.lll the optimal
angle g to tilt the reconstructionplanesR is derived. The
reconstructiont.e., the rebinningproceduré itself is treated
in Sec.lV. It consistsof severalsubsectionslealingwith the
coordinatesystemsand the correspondingtransformations
~SubsectiondV A!, the projectionof anarbitrarypointr onto
the detectorplane~SubsectionV B! aswell ashow to cal-
culatethefocuspositionandthe detectomositionfor a given
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Focus

Fic. 1. In-planecoordinatesystemof the cylindrical detectorscannerThe

raysaredescribedy the angle b within the fan andthe rotationanglea of

the gantryin fan geometry.The correspondingparametersn parallel +.e.,

rebinned geometryare j and q. This ®gure has been drawn assuming
agb 0.

ray to rebin~Subsection$V C andlV D!. Thelengthcorrec-
tion factor to correctfor the angle betweenthe physically
measureday and the virtual ray usedfor reconstructions
derivedin SubsectionV E. SubsectionV F dealswith the
very importantproblemof how to obtainthe imagein world
coordinatesandthushow to avoid anotherinterpolationstep
from voxels in the tilted planesto voxels in the world's
Cartesiarcoordinatesystem.The remainderof Sec.lV sum-
marizesthe requiredstepsto obtain a tilted image and an-
swersthe questionof how manytilted imagesat what angu-
lar increment are needed and how to perform the
Z-interpolationto ®nallyendup with areconstructedolume.
Resultsare given in Sec.V and the paperendswith the
discussionSec.VI.

Il. MATERIALS AND METHODS

The scanner'srotation angle usedin this paperwill be
describedby the projectionanglea. This anglewill be used
to parametrizethe completespiral trajectory and thus we
have aP R. In the caseof a cylindrical detectorsystemwe
usethe angle b to describethe transaxialposition of the ray
within the fan. The correspondingparametersvhen rebin-
ning to parallelgeometryarej for the ray's distanceto the
origin and g for its angle.Figure 1 showsthe in-plane ge-
ometry of the cylindrical detectorscanner.

An importantconceptis the reconstructiorposition ag.
Eachplanardatasetto be rebinnedwill be centeredabouta
certainangularposition ag. The correspondingcoordinate
in parallelgeometryg will countrelativeto ag andthuswe
haveql ag5 al b. The sameappliesto the local coordi-
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nate systems:They are given relative to the reconstruction
positionag . Especiallythe y8axiscoincideswith thecentral

ray at a5 ag.

The fraction of a 360Erotationin parallelgeometryto be
utilized for reconstructiorwill be denotedby f. The require-
ment for completenesss f> 3 and we will further assume
f< 1. The data neededfor reconstructionthus will range
from g5 ag2 fp to g5 agl fp.

Notationsand de®nitionsusedthroughoutthis paperare
givenbelow. Most of themdependon the currentreconstruc-
tion position ag. For conveniencethis dependencyis not
explicitly stated thusthe readershouldbe awareof the im-
plicit dependencen ai. All primedparametergorrespond
to thelocal coordinatesystemj.e., to thelocal Hilted! recon-
structionellipse and reconstructiorplane. They dependim-
plicitly on ag.

bc

de

o)
sgné)
xUy
xUy
a

a*

as

“oor function,yields greatestntegerlower or
equale

ceil function,yields smallestintegergreateror
equale

Dirac's deltafunction

sign function suchthat x5 wusgnx
maximumfunction, xUy5 max(,y)

minimum function, xUy5 min(x,y)
projectionangle,aP R

attachmenangleof thetilted planes;arecon-
struction plane centeredaboutag will be at-
tachedto the spiral trajectoryat a5 ag and
ab agb a*

focus position relative to the reconstruction
positionag, a&b a2 ag

focuspositionfor the longitudinalapproxima-
tion to usein rebinningwhentherebinnedray
hasthe parametergy8and; 8

projection angle aboutwhich the reconstruc-
tion is centered

tableincrementper 360Erotation,dP R
detectorplane;seeEq. 2!

length correction factor to accountfor the
angleebetweernthe measureday andthe vir-
tual ray usedfor reconstructionseeSec.lV E
elliptical trajectory of the virtual focus; see
Eqg.-6!; Theellipseis tilted by the angleg to
optimally match the given focus trajectory
s(a) in theinterval aP @g2 fp,agrl fp)
fraction of 360E~n parallel geometry to be
usedfor reconstruction;Projectionanglesq
within @ fp,fp) will be used considering
projectionsrebinnedto parallel geometry; f
5 3 is a half-scanreconstructionf. 3 means
overscardatato reduceinterpolationartifacts
fan angle,F 5 2 sir® YRy /Rr)

fan-plan& planewhich containsthe focusfor
a given a and a completefan of raysto be
usedfor reconstruction

tilt angle of the reconstructiorplane R mea-
suredwith respectto the x-y-plane
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origin of the primed coordinatesystems;see
Eq. ~7!

pitch value; it is de®nedas the table incre-
mentd divided by the intersectionlength of
the collimatedcone-beanandthe z-axis
measuredrojectiondataat (a,u,v)
rebinnedprojectiondatain parallelgeometry
correspondindo thereconstructiorplaneR in
local coordinategg8j 8
rebinnedprojectiondatatransformedo world
coordinatesqg, j!

. X
coordinatevector, r5 (>Z/)

world coordinateof detector-y, v); seekEq.
24d

reconstructiorplane,R. &R); seeEq. 8!
the line usedfor reconstructionof a certain
ray at a certainfocus position

distancefrom detectorto center of rotation
~z-axid, in our case435 mm

distancefrom focus to centerof rotation ~z-
axid, in our case570 mm

radiusof the ®eldof measurement=OM!, in
our case250 mm

slice thickness,as projectedonto the axis of
rotatiorb physical beam width, i.e., z-range
overwhich a physicalaveragings performed
during the measuremenprocess

spiral focustrajectory;seeEq. ~1!

world's beam parametersin parallel geom-
etry; they describea parallel-beamthrough
08l jj(q) with direction A#(qg). q is given
relativeto ag

local beam parametersn parallel geometry;
they describe a parallel-beam through
j 8§ 8 g8 with direction #8q 8
detectorcoordinates
detectorcoordinatesfor the fan-beambased
approximationof a ray emanatingrom focus
position a8througho8l j § 8 g8
orthonormalbaseof the detectorcoordinate
system;u z, viz, andw points toward the
source

world's parallel-beamcoordinatesystem-or-
thonormal for therotationanglegq; it is given
by rotatingx, y andz by g1 ag aroundthe
z-axis +.e., around z!; j5j(q),n5 h(q),
725 z; seeSec.lV A

local parallel-beantoordinatesystem-~ortho-
normal for the rotationangleq§ it is given
by rotating x8y8 and z8 by g8 aroundthe
z8axis +.e., around z8; j& j§q8, /8
5 h8q8, Z&b z8 seeSec.lV A

world's spatialcoordinates
orthonormalbaseof the world coordinatesys-
tem

orthonormalbaseof the local coordinatesys-
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tem,x8 andy8lie in R, the origin is 08 see
Sec.lV A

X x-ray plané plane containingboth the mea-
suredpencil beamand its correspondingyir-
tual beamusedfor reconstruction

Z(X,Y) z-coordinateof pointrP R asa function of its
x andy coordinatesseeEq. ~14!

ZRr reconstructiorposition of the ®nal-nontilted
image

DZean averagaleviationof the focusfrom therecon-
structionellipse

(C/IW) window settingof the reconstructedmagesin
HU; C is the window center,W the window
width

During the restof the paperwe will be free to switch, if
convenientfrom the primed parametersetto unprimedpa-
rameters.

Spiralcone-beandataweresimulatedusingthe dedicated
simulationsoftwarebRASIM. A virtual scannemwith the ge-
ometrydescribedn AppendixB wasassumedOur simula-
tions weredonewith 1-mm slice thickness.The only excep-
tion is the scannerwith square detectors,i.e., a slice
thicknessof 0.335mm, which was usedto achieveisotropic
sampling. Phantomde®nitionswere taken from the world-
wide phantomdatabaseat http://www.imp.uni-erlangen.de/
forbild

All reconstructionalgorithms were implementedon a
standardPC with dedicatedmagereconstructiorand evalu-
ation software ImpactlR -VAMP, Md&hrendorf, Germany;
reconstructiortime is below 5 s perimageon a 450 MHz
PentiumCPU with 256 MB of memory.

[ll. ADJUSTING THE RECONSTRUCTION PLANE

Our derivationswill be basedon a at detectorgeometry
asillustratedin Fig. 2. As will be shownin AppendixA, the
“at detectorcoordinatescan be easily transformedto cylin-
drical detectorcoordinatesiecessaryo describethe medical
CT scannetusedfor the simulations.

We assumehe following spiral focustrajectory:

Re sina
s-alb Re cosa aPR. ~!

dal2p

For the detectorplanewe ®ndthe parameterepresentation:

Rp sina sa
D:r~u,v!5 p €osa uyJdina L yv ~2a
d 0 1

al2p
andthe normal representation
D:xsina2 y cosal Rp5 0. ~2b!

What is the optimumtilted planeto be centeredabouta
reconstructiormposition ag suchthat the focus deviatesonly
minimally from thatplanewhenmovingfrom a5 ag2 fp to
ab agrl fp wheneverf givesthe fraction of a full rotation
thatis requestedor reconstructionHere we want to point
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Fic. 2. Cone-beantoordinatesystemd: tableincrementper 360Erotation,
a: rotationangle,R¢ : distancefocusto the centerof rotation,Rp : distance
detectorto the centerof rotation,Ry, : radiusof the measurementylinder.

out that the minimization procedurewill be doneonly with
respecto thecentralray. Its angularvariablewill rangefrom
a5 ag2 fp to a5 agrl fp. Contributions for noncentral
rays,which go beyondthisinterval,will notbe consideredn
the optimization procedurefor convenience Since we are
going to rebin from cone-beamgeometryto parallel-beam
geometrywe assumef to describethe datarangetakenin
parallel-beamgeometry.The angularvariable g in parallel
geometrywill rangefrom g52 fp to g51 fp. The mini-
mal requiremenfor completedatais f5 3, i.e.,only 180Eare
usedto reconstructthe tilted plane's image. Nevertheless,
someoverscanmight be necessaryo reducestreakingarti-
facts,thusf. 3 might be useful. The datarange~rangeof a!
requiredto rebin a rangeof 2pf of parallel datawill be
roughly onefan anglelarger.

For simplicity we now assumeag5 0. Let R: xtang2 z
5 0 be thereconstructiomplanetilted by theangleg aboutthe
centralray ~which hasthe direction 2 w that points for a
5 agb 0 along the negativey-axid. The intersectionof R
with the cylinder describedby the spiral focus trajectory
givesthe following ellipse:

sina
e-al!'5 R cosa aP-~2p,p!.

tangsina
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Rp tan~y

—7|'/2 —a* a* 7l'/2

—Rptany

Fic. 3. Plot of the functionsda/2p correspondingo the spiral trajectory
~inear curve andR tangsin a correspondindo the reconstructiorellipse
~sinusoidalkurve to demonstratéheirintersectiongt0 and6é a*. This plot
is drawnfor a*5 p/3 which minimizesthe areabetweenthe two functions

in the showninterval +.e., for f5 %).

The tilt angle g should now be chosensuchthat the mean
distanceof the focusto that ellipseis minimized:

Qe i
g5 argmin J_ dawe-a!2 s-a!d
g 2fp
a
5 argminSEdaw-a!Z s~a!l§‘D , 3!
g 0

wheregP (0,” #is a parameteto adjustthe degreeof opti-
mization.We will presentsolutionsfor the mostconvenient
settingg5 1 below.Othercasesuchasqg5 2 andg5 ~ ~the
essentiasupremurh which havealsobeenconsideredyield
resultssimilar to theq5 1 case Moreover, ASSRhasturned
outto be quite robustwith respecto slight change®f thetilt
angle, i.e., the reconstructionsusingq5 1, g5 2 or g5 °
hardly differ from eachother.

Since

a
e-al2 s-alb utangsinaZ dEU

we will have the trivial intersectionof the plane and the
spiral pathat a5 0 and,aslong as

2p
1< TRF tang<

sinfp’
therewill be two more intersectionsat a56 a* with the
attachmentainglea* P (0,f p# Theangleg is thengiven by

*
tang5 d 2pR-sna* " 4!
Figure 3 visualizesthe intersectionof the tube pathandthe
tilted ellipse.
We are going to now show, that the caseof threeinter-
sectionsmustbe metin orderto minimize Eq. 3!. We will
do soby ruling out the two caseswith only oneintersection.
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The ®rstsituationwith oneintersectiononly is given when-
everRetangsinfp. (d/2p)fp. Theintegrandthenreduces
to

a
e-a!2 s-allb Rgtangsina2 dﬁ’

which monotonicallydecreases aP @,fp# with decreas-
ing g until Retangsinfp5 (d/2p)fp. For the secondcase
without intersection,Rg tang, d/i2p, we ®nd for the inte-
grand

a

e-al2 s-alb dﬁz Re tang sina,
which monotonicallydecreases aP @,f p #with increasing
g until R tangb di2p . Consequentlyhe caseof threeinter-
sectionsmustbe met to further minimize the integrandand
thustheintegralEq.-3!. To ®ndthe optimal a* andthusthe

optimal g to minimize Egq. 3! we regard the mean
z-deviation

d Q Lk liDq
~q! .
Dz eap 27p2 fp? UoEda A sina2 a
d Q * a* D
5 21p? UoE dafé—ina* sina2 a
So 2 anaDDf
1 gda 2 WSII’]H .

For the specialcaseq5 1 it yields

d a*
~ *
mear? ngina* 11 cosfp2 2 cosa*!

Dz

! D
T £2,2 *2
12fp2a

The minimizationof Dz, for a givenf with respecto a*
canbe easily calculatedby taking the zero value of the de-
rivative

i
ja*

which for g5 1 evaluatedo

DZy ka5 O,

cosa*5 1~11 cosfp!,

which allows usto directly calculatethetilt angleg from Eq.
Al

We haveincludedFig. 4 to showthe relationshipbetween
the rangeof anglesf neededor reconstructiorandthe opti-
mal a* for bothg5 1 andg5 2 andto showthe expected
meandeviationwhen using the optimizedangles.The plots
in Fig. 4-b! con®rmthat thereis hardly any differencebe-
tweeng5 1 and g5 2 for small valuesof f. The expected
meandeviationlies aroundl1.5% of the tablefeedregardless
of whetherg5 1 or g5 2 hasbeenchosenandregardlesof
whethera* is 60E,67Eor somethingin between.

Proceedingvith g5 1 we ®ndusingthe optimizedsetting
cosa*5 3(11 cosfp) for the meanz-deviation:
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90°
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70°
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0.5 0.6 0.7 0.8 0.9 1.0
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10%

8% /

Azpean 6%

d
1%
(] /
6 0

2% _—

0%

0.5 0. 7 0.8 0.9 1.0
(b) f

Fic. 4. lllustration of the optimizationprocedure-al optimal a* asa func-
tion of f. Optimizationwas done for the casesg5 1 ~Hower graph and q

5 2 ~uppergrapH. For f, around%, one shoulduseanglesbetween60Eand
67Eto attachR to the focustrajectory.-b! relative z-deviationof the focus
from the reconstructiorplaneR asa function of f. The optimizedanglesa*

wereused.Thus, four graphsare shown. Top: Dz{}).,whenminimizing the
g5 2 deviation.Secondfrom top: ng}ganwhenminimizingtheq5 1 devia-
tion. Secondfrom bottom: Dz{2), when minimizing the q5 1 deviation.
Bottom: Dz{2),,,whenminimizing the g5 2 deviation.Obviously,wh?n us-
ing only a small overscarfraction.e., f liesator only slightly above3! one
shouldchooseattachmentainglesaround65E.The expectedneandeviation
will then be about 1.5% regardlessof whetherg5 1 or g5 2 has been
chosenfor optimizationor for calculationof the deviation.

o f2p22 2a*2
DZpea T

Moreover, we want to look at the convenientcaseof a
180Ereconstruction(f5 3). We then get for a* the three
intersectionangles2 60E,0E,and 60Ewhich is quite a nice
resultbecauset uniformly divides the 180Erange.This re-
sultsin Dz,,q,5 d/72,whichis only 1.4%of thetablefeedd.
Neverthelessa very annoyingfact is the local maximumof
the deviation between e(a) and s(a) occurring for a
56 fp whichis atthe edgeof the graphin Fig. 3. It might
easilyyield reconstructiorartifactsdue to imperfectmatch-
ing of opposingviews. Thusit shouldbe consideredo use

overscardatafor reconstructionij.e., f. 3.

5!

IV. RECONSTRUCTION
We now assumeo havea ®xeda* andthusthe slope

*

tangs d 2pRg sina*
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of the ellipseis alsoa ®xedvalue.
Furtheronwe allow for arbitraryvaluesof thereconstruc-
tion position ag and thus we haveto give the generalized

formulafor the ellipse:
sina
2 cosa 6!

e-a!5 o8l RFS

tang sin-a2 ag!

suchthat the physicalfocus positions(a) longitudinally +n
z-directiorl correspondsvith the virtual focus positione(a)
for all aP @g2 fp,arl fp). The origin 08 of the primed
coordinatesystemis given by

R
T

The generalnormal representationf the R-planecaneasily
be derivedfrom the generalizectllipseformula. Theresultis

a
R:x cosartangl y sinagtang? z1 dﬁS 0. 8!

Sincethe reconstructiorwill be centeredaboutag, there-
constructionalgorithmscan in principle be derived for ag
5 0 followed by a substitutionof a by a8 a2 ag.

The aim is to determinewhich rays of the cone-beam
shouldbe usedto synthesizehe projectiondataof thevirtual
scannerthat rotatesin R alonge(a). Of coursetheserays
will not lie completelyin R exceptfor a5 ag6 a* and a
5 agr. Severalstrategiesare possible.

First, onecanusecompletefansof beams+.e., planesF!
that emanatdrom the sourceand all rayswithin sucha fan
shallbetakenfor reconstructionln otherwords,this method
is basedon selectingcompletefansfor eachtube position a
for areconstructiorcenteredaboutag . Thesefanswill then
be rebinnedto parallelgeometry.

The secondpossibility is basedon a ray-by-rayoptimiza-
tion. For eachray that will be demandedfor the parallel
rebinning the optimal correspondingube position and the
slopewith respectto the reconstructiorplaneR will be cal-
culated.

Now for eachof thesetwo possibilitiesof ray selection
there are two possibilitiesof what kind of approximations
will be allowed. The ®rstpossibleapproximationis that all
rays will be projectedonto R in longitudinal direction 2z
directionl only. Theotherpossibilityis an orthogonalprojec-
tion onto the reconstructiorplane.

To summarizethe possiblefour combinationf approxi-
mationsare

FL: Fan-beanbasedLongitudinalapproximations

FO: Fan-beanbasedOrthogonalapproximations

PL: Parallel-beambased ~+ay-by-ray, Longitudinal ap-
proximations

PO: Parallel-beanbased~ray-by-ray, Orthogonalapproxi-
mations
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However,sinceit hasturnedout thatthe differencesbetween
theseoptionsare negligible we will only presentthe de®ni-
tions and rebinning equationsfor the FL method,which is
the mostsimple one.

Although all following consideration®only use elemen-
tary geometry the multitude of different coordinatesystems
and the complexity of the ray geometriedor a given focus
position a and detectorsu and v togetherwith the tilted
planesunderconsideratiorcomplicatethe situation. Thusbe-
fore startingto discusshe FL reconstructiormethodwe will
do somepreparationsrst.

A. Coordinate systems

The global j-/-z systemis given by rotating the x-y-z
axesby g1 ag aboutthe z-axis. The basevectorsare

os-arl q! sir-agl q!
j~q!5 |n~aR1 q! hq'5 os~aR1 q!
z-q!5 SDZ
1

We de®nethe local +.e., correspondindo a givenrecon-
struction position ag) tilted coordinatesystemwith base
(x8y82z8 to haveboth the x8 andthe y8axis lying in R
The y8axis shall coincidewith the centralray at projection
a5 agr. Thuswe have

0Sar COSg sinag
x& Jinagcosg y&b osaR
sing
cosarsing
pe) sinagsing

cosg

Rotatingthis systemby g 8 aboutthe z8axis yieldsthelocal
parallelgeometryj 8 /78 z8 systemwith the basevectors

Sar €c0sq 8cosg? sinagsing 8
j8q85 nagcosq8cosgl cosagsing8

cosq8sing

cosarsing8cosg2 sinarcosq8
h8q85 sinag sinqg 8cosgl cosag cosq 8

2 sing8sing

cosagsing
78-q85 sinagsing | §z8
cosg

All coordinatesare given with respecto the world coor-
dinatesystem'sbase, y, z!. The centerof the abovegiven
coordinatesystemis located at the primed origin 08 All
primedandthuslocal coordinatesystemgeduceto their cor-
respondingworld coordinatesystems-unprimedidenti®ers
wheneverag and g are setto zero.
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It will turn out that the transformatiorbetweenlocal ray
parameter§g 8, 8 andglobalray parametersq, j! is quite
important.lt is given from the longitudinalprojection-along
Zl of a ray from local to world coordinates.To be more
precise:For a givenray with the parameter§q 8 8 we are
looking for the parametersq, j! thatthe correspondindine
would yield after having been projectedinto the plane z
5 0. Mathematicallythis yields the term

P-o8l j§8g81 RA8-q8!5 jj~q'1 RA~g!,

with the projectionoperator
00
P5 1 OD
0 0O

This allows usto derivethe desirediransformatiorrules.We
will just statethe results:

c cosq 8
cos )
9 Ao g8l cog gsirf g8
sing 8cos
sing5 g g , 9!

Aog g8l cog gsin‘ g8
j 8cosg
A;os’- q8l co€ gsif g8

To calculatethe primed parameterss a function of the
unprimedoneswe needthe inversetransformof Eq. ~9!:

- cosq cosg
cos ,
9 Asirt g1 cos gcos g
sin
sing& g ~0

Aif gl cofgcodq’
j& J
Aif gl cofgcodq’

For conveniencekig. 5 givesa view onto the reconstruction
planeR andthe primedcoordinatesFurtherwe wantto give
a usefulrelationshipthatdirectly becomesvidentfrom Egs.
9! and~0::

Ao g8l cog gsir? g85ir? g1 cos gcos g5 cosg.

B. Projections onto the detector plane

It will be necessaryto know the projection of a given
pointr from the focuslocations(a) onto the detector.The
calculationis uninstructive we will simply statetheresultin
detectorcoordinatesu andv:

u5 r-2 xcosa2 ysina!,

SSaZD
VI’EZ

with

~1
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.................. !
ocus
e(or)

Fic. 5. Plane R andellipse e(a). The shadedareadepictsthe FOM. The
local coordinatesystemx8y8-z8 is shownas well as the rotatedparallel
coordinatesystemj 8 78 z8 The halfaxesof the ellipse are R /cosg and
Re , respectivelyThe x-ray ~solid line L! emanatingrom the sourceabove
R penetrateshe reconstructiorplaneat Lu R andhits the detectorbelow R
~dashedine L!. Thefocusappeargo belocatedoutsidethe ellipsesincethis
®gure'sview is along 2 z8 The dottedline depictsthat ray of the focus
which intersectghe planeR at the origin 08 of the primed coordinatesys-
tems. The line that depictsthe detectoris the intersectionFu D of the
currentfan-beamwith the detectorplane.

. Rpl Re
xsina2 ycosa2 Rg’

wherex, y, andz denotethe componentsf r.

C. Focus position for the longitudinal approximation

The plane containingthe measureday usedfor the ap-
proximationandits correspondingirtual ray will be denoted
by X. Theconditionthatmustbe satis®edor the longitudinal
approximationis: The measuredndvirtual ray mustlie in a
plane parallel to the z-axis, i.e., Xi z Hongitudinal approxi-
mation.

Since 78q8iX and 08l j§ & qP X the plane X is
fully determined:

Advanced single-slice
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X:~h8q83 z'e+2 ~08L j§8q8!!'5 0.
Its intersection
Xu sR!:~#8q83 z!*~s-a!2 08l j§8q8!'50

with the spiral focustrajectorydetermineghe desiredfocus
positiona5 a8l agy:

Rr~cosg8sina& sing8cosa8cosg!2 j 8cosg5 O.
Insteadof solving for a8we useEg. 9! andget
Resir-a® g'2 j5 0,

which is advantageoussinceit is already statedin world
coordinatesThe familiar result

J
Re
determineghe focuspositionto be usedto rebinthe ray g,
j! usingthe longitudinal approximation.

Furtheron we may statethatthe rangeof a neededor the
reconstructioris

aP @g2 fp2 3F ,arl fpl iF #

wherewe haveusedF 5 2 sir? * (Ry /Re) for the fan angle
andjP @ 3Ry ,3Ry#andgP @ fp,fp).

ag-g,j!? as% g1l sirt?

D. Point of intersection for the fan-beam based
approximation

Thefan to be usedfor a certainfocuspositions(a) inter-
sectsthe reconstructiorplaneR at a line throughits origin
08 Theaveragaleviationof the planeF thatcontainsthefan
andthe planeR is thusminimized.F is de®neddy the three
points

s-a!, ea2ip!, and eal ip!;

Fu R is theline

FU R:08l t,~e-al 3p!2 e-a2 3p!! with t,PR

~12d

%

(@)

é

(b)

Fic. 6. Parametricplot of the detectoroccupation(u,v) as a function of ~g, j! for g rangingfrom 52 %p ~op line! to g5 %p ~bottomline! in stepsof
1/10p andj P @ Ry ,Ry# Geometricparametersasgivenin AppendixB havebeenchosenR:5 570mm, Rp5 435mm, Ry, 5 250mm. Tableincrement
was chosenas d5 72mm -and thus Dz,.,5 1 mm) to yield a meandeviation of below 0.5 mm when projectedonto the edgeof the FOM. 5 % a*
5 60E ¢g' 1.4E -al flat detector.Requestedietectorsize: 981 mm3 92 mm. The longitudinal extentionof 92 mm correspondso an effective detectorsize
of 52 mm at the centerof rotationandthusa pitch of 1.38.-b! cylindrical detector Requestedletectorsize:52E 83 mm5 912mm3 83 mm. Thelongitudinal
extensionof 83 mm correspondso an effective detectorsize of 47 mm at the centerof rotation-~seeAppendixA!.
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through the points (a6 3p) which cuts the ellipse into
halves.This line of intersectionis not necessarilyperpen-
dicular to o® s(a). The x-ray plane X is de®nedby the
point s(a) and a line througho8L j § 8 g8 with direction
h8(q 8. Obviously the intersectionXu Fu R is given by
intersectingFu R with the line

Xu R:08L j§ 8L t,h8 with
This meanssolving
08l t,~e~al 3p!2 e-a2 3p!'5 081 j§ 8l t,h8

for atleastoneof the free parameterg, andt,. Subtracting
08 and multiplying by j 8 directly yields ¢, which, inserted
into Eq. ~124d, givesthe point of intersection

t,PR. <420

Xu Fu R:
j 8cosg

cosa
8l : i sina
cosq8cosadl cosgsing8sina8 N | gcosa8

At the detectorthis resultsin the projectionat

. Rpl R j 8cosg
u Re  cosa8cosq8l sina8sing8cosg’
Rpl R [ Bcosa8sin a8
y5 o= OF Q J g d_D

R %osa8c05q81 sin aSsinq8cosg2 2p
which is evennicer whengoing to world coordinates:
Rpl Re J

R cosa& q!’

Ug~q,j,a82 ub

cosa2 Rpl Rg!sina
sinal ~RD1 Rg!cosa

~~u,v!2 sall
cos«b

) Rpl Re Q cosa8tang a8D
a —_
VEq.j,a8% v5 Re Ycosa® q' 2p

As one can easily see,the resulting contributionsare lines
v(u) at the detectorwith

Rol Re a8

|
v-u!5 ucosa8tang?2 Re Th

As anexample Fig. 6 depictsthe correspondingurvesat
the detectorwhenusingur andv togethemwith ag(q,j) as
describedin Sec.IV C. The angle a8 is not ®xedin this
®gurejt ratheris afunctionof j andqg: a8 af(q.j). Thus
Fig. 6 depictsthe detectorfor varying sourceand detector
location.Moreover,dueto the high aspectratio of the detec-
tor it seemsasif the line for g5 0 was horizontalwhich is
not really the case!

E. Length correction

Sincethe virtual raysthataregoingto be usedfor recon-
structionand their correspondingneasuredays differ by a
small angle« we mustapply a lengthcorrectionto yield the
correctvirtual projectionvaluesfrom the measuredattenua-
tion.

So calculatethe cosineof the angle«5 «(a8q,u,v) be-
tweenthe measuredandthe virtual ray

sinrgl ag!cosg
0sg1l ag!cosg

2 sing sing

«h8q!'5

u~u,v!2 s-alu

A1 v21 ~Rpl Rg!?

A g1 cos gcos q

usinr-a® q'!cosgl ~Rpl Re!cos-a® glcosg2 v sing sing

A1 v?1 -Rpl Re!?ASird g1 cos gcos g

~where again a& a2 ag) and weight the measureddata
with this value.

F. How to reconstruct in world coordinates

The parallelprojectiondatawe havecalculatedup to here,
for ag ®xed,correspondo the following projectionthrough
the objectfunction f(x,y,2):

p898,85 Ex8dy8f~x,y,z! a~x8cosq 8

1y8sing& j8ys ;. ~3!

with xx1 yy1 zz5 o8l x8&®8L y8y8andthus
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a
zX,y!5 xcosartangl y sinagtangl dﬁ, ~4

which follows from Eq. -8!.

It is easyto reconstructhe objectfunctionin local coor-
dinates,becauseéhe objectfunction f§x8y80) in local co-
ordinates can be reconstructeddirectly from p&g8j 8.
Neverthelessjf one had reconstructedhe object in local
coordinatesnotherinterpolationstepfrom voxelsat discrete
locationsin x8 y8 z8to discretevoxel positionsin x, y, z
would be necessaryto transformthe function to the world
coordinatesystemandto accountfor the correspondinglis-
tortions.

We will avoid this stepby proceedingwith Eq. 13!. Us-
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ing the transformationgyivenin Sec.IV A to transformEq.
3! ~.e.,j8 g8 x8 andy8 to world coordinatesve get

xd
p8-g8;85 %kinz g1 cog gcos qfx,y,z!
3 dxcosagrl q!

1ysimagl q'2 j'Ys ;1 -
The cosg in the denominatorresults from the Jacobian
] (x8y8/](x,y). De®ning
cosg

Asir? g1 cog gcog g

p~q.j'? p8q8/8

5 Ex dyf~x,y,z! & cos-arl q!

lysinmagl q'2 j'ys ;. ~15!

yields the desiredresult since this function can be recon-
structedwith standardmethodssuchas ®lteredbackprojec-
tion or Fourierreconstructioreventuallyusing availablere-

constructiorhardware The resultwill havethe correctx and
y coordinatesThe only interpolationremainingto be doneis

theonein z

G. Putting everything together

The completerebinningprocedurego gainthe parallelraw
datafor oneof thetilted slicesR that canreadily be recon-
structedto yield the correspondingimage plane in world
coordinateonsistsof severalsteps:

- Chooseag.

- ForeachgP @ fp,fp) andeachjP @ 1Ry ,3Ru#

BCalculate the relative focus position ag asdescribedn
Sec.lV C.

BFrom af calculatethe detectorcoordinatesur andvg

which werederivedin Sec.IV D.
DAssign

. cosg
AsirP g1 cog gcos q

3 cos« p~aBl ag,uUg,ve!.

p~q.j!

The cos« factor @5 «(ag,q,ug,vg)#is the length cor-
rection to accountfor the angle betweenthe measured
~physical ray andthe virtual ray usedfor reconstructioras
hasbeenderivedin Sec.IV E. The squareoot factorderived
in Eg. <15 may be interpretedas a length correctionwhen
going from the local to the global coordinatesystem.

PIf f. } do not forget to accountfor the overscanby
properoverscanweighting.

- Reconstructthe rebinnedrawdataset p(q,j) to yield
the correspondingobject function f(x,y,z) with z
5 z(x,y) givenin Eq. 4.
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The describedebinningprocessmustaccountfor the dis-
cretenatureof the projectiondata.ln principle this will lead
to a trilinear interpolation betweenneighboring measured
datapointsin a, u andv. Of coursemore sophisticatedn-
terpolationfunctionsare possible We will seebelow a case
where special care hasto be takenwhen interpolating be-
tweenadjacentdetectorrows (v-direction.

For performancereasonswe suggestto build lookup
tablesfor all necessarywaluesof a8, ug and v together
with the correspondingtrilinear interpolation weights, the
length correctionfactorsandthe overscanweighting.

The remainingproblemis the interpolationbetweenvox-
elsin zdirection.Thisis only possibleif a certainnumberof
neighboringimageshave beenreconstructedThis naturally
leadsto the questionof whatvaluesof ag to useto gainthe
completevolumewithout losing information.

H. Where to reconstruct

We now considertwo successiveeconstructiorpositions
ar; and ag, to derivea conditionfor their maximalspacing
Dag?® ars2 agr;-

This condition canbe found by looking at the two corre-
spondingreconstructiorellipses. Their maximal distancein
z-directionwill bea measuref thelowerlimit of theachiev-
able zresolution. However, since we want to reconstruct
within the FOM only, we arenot going to regardthe recon-
structionellipsesthemselvedut ratherthe correspondingl-
lipses at the edgeof the FOM, i.e., the intersectionof the
reconstructiorplaneR and the measurementylinder of ra-
dius Ry, . The maximaldistanceof two suchellipseswill be
denotedby De,,,, andit caneasily be checkedthat

l EaR 1 U
Denao 2p 1 2Ry tangsmEDaR

This maximalvalue occursfor a5 3(ar,1 ar,)1 p. Obvi-
ously, the deviationDe,,,,, can be madearbitrarily small by
reducingthe reconstructiorincrementDag.

To estimatethe achievablez-resolutionandthusa reason-
able voxel size Dz we haveto take into accountthat the
rebinningprocedurealreadyintroducesanerrorin z sincethe
focustrajectoryhasan averagedeviationof Dz,q,,from the
reconstructiorellipse ~seeSec.lll!.

Moreover, the ®nite detectorwidth of the detectorin
zdirectionhasto betakeninto accountWe will assumehat
the meanbeamwidth ~averagedover the FOM! is known
andwe will denoteit by S. If thefocal spotis of in®nitesimal
size,thenSsimply denotegshe ®nitedetectomwidth projected
onto the centerof rotation. In generalthe focal spotis of
®nite size and thus hasto be takeninto account.If it is
comparableto the detectorwidth then the beamwould be
nondivergentand S would stand for some averageof the
focal spotsize andthe detectorwidth. In 2D CT onewould
call Sthe collimatedslice width.

At this point we want to be quite pragmatic.We assume
that thesethreesourcesof error canbe approximatelytaken
into accountby convolving the object function with three
rectanglefunctionsof the correspondingvidths

~16!
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40 |
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—/————,_//
25 50 75 100 125 150
d/s

Fic. 7. Numberof necessar2D backprojectionger slice thicknessS asa
function of the relativetableincrementd/S. As long as the tableincrement
lies below 100S approximatelytwo to ®ve reconstructionger slice thick-
nessare required.This is roughly the numbersuggestedor conventional
spiral CT as well. Using larger table incrementsdrastically increaseshe
numberof backprojectionsandthusthe reconstructiortime. Rg5 570mm,

Rw5 250mm, f5 3, a*5 3p.

Rwm

R and S.

Dag 1
d Wl 2Ry tang sszaR, Dz mean

As onecansee,we aregoingto regardthe error at the edge
of the FOM which is the region of lowest achievable
z-resolution.Moreover,we haveleft awaythe absolutevalue
function since we have sgntang5 sgnd and we simply as-
sumeDag. 0 andd. O withoutlossof generality.

It can be shown that the FWHM ~full width at half-
maximuni of the convolutionof threerectanglefunctionsof
widths a, b, andc is given by

aUbUc
aslongas2(aUbUc). al b1l c. Inotherwords,the FWHM
is given by the maximumof the widths aslong asthis maxi-
mum exceedghe sum of the two smallerwidths for other
casesthe situation becomesmore complicated. Since our

reconstruction shall not decreasethe system's inherent
z-resolution,describedby S, we haveto demand

Rwm
Re

Usingtheformula Eq. 4! for tang andEqg. -5! for Dzean
we ®nally®nd-assumingDag to be positive

1 Ry a* 1 p Ry f?p?2 2a*?
EDaRl R_,:—sina* SIHED3R< ESZ R_F—4fp .

Dagr 1
dﬂl 2Ry tangsmz Dagl DZea< S.

~7

As an examplelet us consideragainthe geometricsetup
which has already been used to produce Fig. 6: Rg
5 570mm, Ry5 250mm, d5 72mm. Using f5 1 and a*
5 ip yields a reconstructiorincrementof Dag' 1.8Ewhen
assuminga slice thicknessof S5 1 mm. Thus 200 recon-
structionsper rotationor 2.8 reconstructionger slice thick-
nessare necessary.
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Equation-17! canbe usedto determinethe maximalpos-
sible table incrementsince the right hand side of Eq. 417!
mustneverbecomezeroor negativewhich means

Re  4fp? |
d< Ry p%2 2272 S. ~18
For our speci®geometricakettingswe ®ndd< 164S. Nev-
erthelesswith increasingrelative table incrementd/S the
number of reconstructionger slice thicknessincreasesas
well. This is depictedin Fig. 7: As long asd< 100S about
two to ®ve reconstructionger slice thicknessba number
thatis alsorecommendedbr conventionabpiral CT*'Dare
required for optimal image quality. For table increments
higher than that, the number of necessaryackprojections
increasedgrastically.

I. z-Interpolation in the Image Domain

Up to here we have a certain number of reconstructed
images which correspondto f(x,y,z(x,y)) as described
above. What remainsto be done is the zinterpolation of
thosetilted image planesonto a Cartesiangrid. We do not
wantto keepall thosetilted imagesin memorybeforestart-
ing this interpolationstep.Let us thushavea closerlook at
the intersectionof atilted planeR with the edgeof the FOM
~parametrizedy x5 Ry, sinf andy5 Ry cosf):

zRy sinf ,Ry, cosf !5 Ry cosartangsinf

a
1 Ry sinagtang cosf 1 dﬁ

. ar
5 Ry tangsin-agl f11 dﬁ’

wherewe haveusedEq. 14! for the z-coordinateNow for a
given z-position zg for the currentslice to interpolateall
tilted imageswith

2
agrP Tp~zR1 Rytang @ 1,1#
needto be keptin memory.This equationcanbe generalized
if advanced®ltersin z-direction shall be usedthat require
additionalroom for interpolation let's sayZ&

2 .
—p~zR1 AR, tang!' @ 1,14.

agP d

This requiresto hold
d%%JRM tang!e
dDag/2p
adjacenttilted imagesin memory.
For the exampleabove,this makes11 slices before the
image interpolationfor a given z-position can start -here A
wasassumedo be zerd.

The objectfunction f(x,y,z) is up to now knownonly for
values z5 z(x,y) as given from Eq. 14! for discrete ag
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TasLE |. Tableof the simulatedgeometriesWe haveincludeda single-slicescanwith 180ELIreconstructioranda multi-slice reconstructiorfor compari®n.

ThenumberM of detectorrows correspondso therowsrequiredby our algorithmandnot to the~argeit numberof simulateddetectorows. The noisevalues
s weremeasuredn a circular ROl ~diameter25 mm! locatedin the centerof the ventricleat z5 0 as the standarddeviationof the CT values.The scanner
ASSR36wasaddedto haveisotropicsamplingof the volume.lts slice thicknessS wasselectedequalto the detectorsizein b direction~valuesprojectedonto

the centerof rotatiol. Commonparametersattachmentinglea*5 60E 5 52%.

Name d S M s g Cone Comment

180ELI1.5 1.5 mm 1 mm 1 8.1HU 1) 0E 180Elinear interpolation

180EMFI6 6 mm 1 mm 4 9.0HU 1) 0.30E 180Emulti-slice ®lteredinterpolation
ASSR6 6 mm 1 mm 4 7.6HU 0.12E 0.30E advancedsingle-slicerebinning
ASSR12 12 mm 1 mm 8 8.5HU 0.23E 0.70E advancedsingle-slicerebinning
ASSR16 16 mm 1 mm 12 7.9HU 0.31E 1.11E advancedsingle-slicerebinning
ASSR32 32 mm 1 mm 21 8.7HU 0.62E 2.01E advancedsingle-slicerebinning
ASSR64 64 mm 1 mm 40 8.5HU 1.24E 3.92E advancedsingle-slicerebinning
ASSR96 96 mm 1 mm 60 8.2HU 1.86E 5.93E advancedsingle-slicerebinning
ASSR36 36 mm 335 mMm 66 9.4 HU 0.70E 2.19E isotropic ASSR

P DagZ. We usethe following weighting equationto obtain
the transaxialimagef(x,y) at the positionzg:

( agl ~22 zg! fx,y,z! U

( aRL ~zZ2 zg!

fx,y!a
75 zx,y!

The denominatoproperlynormalizeshe interpolatedobject
function.L (¢) denoteghe triangularweightingfunction. Its
width -5 half of the baseline! is chosenas follows. From
Eq. 6" we know the maximum distanceof two adjacent
reconstructiorellipsesprojectedonto the edgeof the FOM.
At r5 A1 y? this distancecorrespondso

P2%1 21 angsint paU
2D rtang sin; Dag

andthe interpolationat x,)! is doneusinga triangular®lter
of -halfl width

P21 21 tang sin? parlds
T rtang sin; Dap\UB

This ensuresthe ®lter to cover the data gaps in the
z-directionand a minimal width of Ais achievedaswell.

V. RESULTS

In orderto give somemore explicit examplesof how to
use the theoreticalresultsderivedin the sectionsaboveto
determinepossiblescangeometriesand/orscanparameters,
we havediscussea possiblesetupfor a medicalCT scanner
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~AppendixB!. The simulationsperformedbelow correspond
to the medical CT scannerusing scanparametersvhich are
within the limits derivedin AppendixB.

To evaluatethe ASSR algorithmwe havesimulatedvari-
ousgeometriesvhich aregivenin Tablel. Thesegeometries
vary only in z-direction but not in the transaxialdirection,
i.e., the numberof detectorchannelstheir spacing,etc. re-
mainedconstant.

It turnedout that ASSRis very robustwith respecto the
kind of approximatiorHongitudinal,orthogonalor fan-beam
basedand parallel-beambased used.There are no visible
differencesbetweentheseoptions.Moreover, the variations
introducedby varying the attachmentangle a* -at leastin
the rangefrom 55Eto 70E are negligible aswell. Therefore
all of theimagespresentedelowarereconstructedisingthe
FL fan-beambased]ongitudinal approximationan attach-
mentangleof 60Eand f5 52%. The main reasonfor these
factsare-al the scansettingssimulatedare within the error
rangeEq. 18, i.e.,d, 164S, which obviouslyensuregood
resultsfor any of the four possibleapproximationmethods
and-b! theintegrationalongthe detectorintroducesartifacts
of more dominant magnitudedue to imperfect transitions
betweendetectorrows.

Obviouslyfact b! deservesnoreattention.We havethus
preparedrig. 8 which showsa reconstructedlice for three
differentreconstructionincrementsDag. As Dag decreases
~at constanscanparameterandz-®lteringwidth! the artifact
level decreasealso.A ®rstconclusiononecandrawis to use
Dag aslow asreasonablyacceptablaegardingthe compu-

Fic. 8. In"uence of Dag andthe line

interpolationtechniqueon the artifact
level. Imagestwo and three were re-

constructedvith half anda quarterof

the ®rstimage's reconstructionincre-

ment. For the last two imagesa qua-
dratic interpolation between detector
rowswasusedinsteadof thelinearin-

terpolation. ParametersASSR32, zg

52 14mm,Z 1 mm.
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TasLE II. Figuresof merit Ref. 17! of the slice sensitivity pro®lesfor the simulatedscannerdor ®vedifferent ®lterwidths Afor all simulatedcone-beam
scannersThe valuesare givenin multiplesof the slice thicknessSto allow to includethe isotropicscannelASSR36.Sinceall simulatedscannersASSR6,
ASSR12,ASSR16,ASSR32,ASSR64,ASSR96,ASSR36 yield the same®guresof merit up to the given precision,the tablesdo not distinguishbetween
them! The®guref merit of the single-slicescannef 80ELI1.5/ield FWHMS5 1.1S, FWTM5 1.9S, SPQB 81% andthe descriptorof thefour-slicescanner
with multi-slice ®lteredinterpolation180EMFI6yield FWHMS5 1.4S, FWTM5 2.3S, SPQE 81%.

Linear line weighting

Quadraticline weighting

A FWHM FWTM SPQI A FWHM FWTM SPQI
0.08 1.35 2.35 80% 0.0S 1.5 2.65 79%
0.55 1.45 2.45 80% 0.5 1.5 2.7 79%
1.05 1.65 2.8 80% 1.0S 1.8 3.1 79%
1.5 2.0S 3.5 80% 1.5 2.1 3.7 80%
2.08 2.55 4.25 80% 2.0S 2.55 4.43 79%

tational demands.Then the streaking artifacts which are
emanatingin this casefrom the inner ear and the frontal
sinuswill be averagedaway sincemoreintegrationsalonga
given projection contributeto eachzinterpolatedimage. It
mustbe mentionedhatthe z-interpolationitself andthe ®lter
width Aremainedunchangedwhen decreasingDag. De-
creasinghereconstructiorincrementthusonly increaseshe
numberof datapoints contributingto the z-®lter.

In addition, Fig. 8 also includestwo imagesthat were
reconstructedusing quadratic~convolution with a triangle
anda rectanglefunction insteadof linear ~convolutionwith
a triangle functiont weights for interpolation betweenthe
detectorrows. This quadraticinterpolationsmootheghe im-
perfecttransitionsbetweenthe rows andthus effectively re-
ducesthe streakingartifacts.Neverthelesspne mustnot for-
get that a loss in zresolutionis introduced by quadratic
weightingaswell ~seeTablell!.

Ourimplementatiorof the z-interpolationprocedurdakes
the required®lterwidth Aasa freely selectablegparameterA
triangular®lteraswide asthe maximumof both,spacingand
A isusedin zdirection~Sec.IV I!. The behaviorfor varying
Acanbe seenin Tablell aswell. For small requiredwidths,
the slice pro®lesarehardly changingsincethe spacingof the
tilted imagesis the dominatingfactor for z-®ltering.Never-
thelessfor A& 1 mm the FWHM of the slice sensitivity pro-
®leincreasesas doesA

The mostinterestingresultof Tablell is that the ®gures
giventhereapplyto all simulatedASSRscannersObviously
the shapeandthe dimensionof the SSPsareneitheraffected
by the numberof detectorrows nor by the simulatedtable
increment.Thusthe ASSRalgorithmis very robustwith re-
spectto the simulatedscanmode. The slice pro®lequality
index SPQI’ is the same-at leastup to 6 1%l for the cone-
beam and the conventionalspiral scanners.This indicates
thatthe shapesf all pro®lesarevery similar. Sinceplotting
the pro®lescon®rmghis indication, i.e., thereis no signi®-
cantdifferencein the SSPs'shape-exceptfor a scalingalong
the abscissh we omit the correspondingplots.

However, as it is well known that SSPsmight change
whengoing off-centerwe haveadditionallyinvestigatedff-
centerpro®les.Raw datafor the following four off-center
deltaobjectswere generatecand reconstructed:
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a~y6 r!a!a~z! North, South,

a6 r! g~y d~z! Eastand West.

The distancer to the isocenterwas chosento be r5 3R,
5 125mm. The North/Southpeakslie at a distanceof 5 mm
from the a.p. edgeof the headphantomwhereasthe East/
Westpeaksarelocated29 mm off the lateralboundaryof the
headat z5 0. For all simulatedgeometriest turnedout that
the SSP variations are lower than what is known from
180ELI.This is clearly con®rmedy Fig. 9 which showsthe
SSPobtainedat the isocentersolid line! togetherwith the
four off-centerSSPsdashedanddottedlined. We havecho-
sento depictASSR64sinceit representshe behaviorof the
othergeometriesvery well. Obviously the deviationsof the
dashedand dottedlines of ASSR64 @ig. 9-b!# are smaller
than for 180ELI @ig. 9-al# Including additional z-®Itering
®@ig. 9-cl#improvesthe off-centerbehaviorevenmore.With
respectto off-centerSSPvariationsASSR s obviously per-
forming betterthan the standardzinterpolation180ELI.

A comprehensivecomparison of the simulated scan
modesbetweenASSR and a spiral single-slicescannemith
p5 1.5is givenin Figs. 10 and 11. We havetakencareto
selectthe presentedslicesin an unprejudicedway: For zg
52 25mm the single-slicescannerperformsbetter, for zg
52 2 mm the ASSR algorithmis superiorwhereasthe per-
formanceat zg52 30mm and zg5 0 mm seemsto be bal-
ancedbetweenthe conventionaland the cone-beanmgeom-
etry. Neverthelessasit canbe seenfrom the examplewith
d5 64mm, the resultsdependon the absoluteangularposi-
tion of the tube: ASSR64 shows severe artifacts at zg
52 30mm but a simulation of the samescannerwith the
startangleincreasedy 90E,ASSR64 90E showsfar less
artifacts in the respective slice. All scans, except for
ASSR64 90E were orientedso asto havethe sametube
positionat z5 0 which, in other words meansthat all scan
trajectoriesintersectat z5 0.

Moreover,it canbe seenfrom these®gureshat the arti-
fact content and the artifact level of the reconstructions
ASSR6through ASSR96doesnot increasedrastically with
increasingtable increment.Concentratingupon z5 0 as the
bestpositionfor comparisonssincetherethe tube positions
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Fic. 9. Center~solid line! and off-center~dashedanddottedlines SSPsfor
the standardalgorithm 180ELIand ASSR64.The pro®levariations~tevia-
tions from the centerpro®le are reducedby ASSR. Additional z-®Itering
yields, not surprisingly,evennicer pro®les.The horizontal grid lines have
beenplacedat onetenthof the maximumvalue,at half the maximumvalue
andat the maximumvalue, respectively-al 180ELIvariations.-b! ASSR64
variationswith £5 0. ¢! AASR64 variationswith £5 1 mm.

of all scansare the samé and ignoring ASSR64 90E one
canseealmostno signi®canteterioratiorof theimagequal-
ity exceptfor the scan with the highest table increment
~ASSR96 which shows a very slight HU enhancement
aroundthe right inner ear. The multiplanar reformationsat
the bottom of the ®gurescon®rmtheseresultsfor the com-
plete reconstructedsolume: no signi®cantimage deteriora-
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tion when going to larger coneangles.However,regarding
the MPRs only, 180ELIperformsbetterthanthe otheralgo-
rithms.

Comparingthe ASSR reconstructiondo the single-slice
180ELI reconstructionshows no severedrawbacksfor the
approximatecone-beanreconstructionThe artifact content
in the imagesis comparableor only slightly increasedas
comparedo the single-slicescan.An impressivefact is that
the reconstructiorof the 43 1 mm scannerwith a tablein-
crementof d5 6 mm yields lessartifactswhenusingthe ad-
vancedsingle-slicerebinningalgorithm-ASSR8 thanwhen
using the standardmulti-slice ®ltering algorithm 180EMFI.
Evenin the caseof four simultaneouslymeasuredsliced it
might pay out to use ASSR insteadof typical multi-slice
z-interpolationalgorithms.

To showthein uence of the additional®Iteron theimage
quality, especiallythe artifact level, we have performedre-
construction®f the headphantormwith Z 0 mm, 1 mm, and
2 mm. In Fig. 12 the in"uence of Abecomesquite clear:
z-®lteringreduceghe artifactsalmostcompletely.lt mustbe
emphasizedhat we have arti®cially increasedthe recon-
structionincrementD a to producevisible differencesn the
printout of Fig. 12; using the optimal reconstructiorincre-
mentas derivedabove,almostno artifactswould be visible
evenfor 6 0 andthe conceptof additionalz-®lteringwould
not be necessaryn the absencef noise.

The performanceof ASSRin reconstructinghe Defriset
Phantom+eldkampKiller! is demonstrateéh Fig. 13. The
phantom consists of a stack of ellipsoids with r,5r,
5 80mm and r,5 7.5mm -half-axe$ centeredat x5 y5 0
andz5 Z+24mm. Obviously noneof the typical cone-beam
artifactsareintroducedhere exceptfor aHU-valuedeviation
for the ASSR96scannerRegardingthis ®gureit seemsasif
ASSR16 through ASSR64 would perform better than the
gold standard180ELI: The edgesof the phantomshow no
arti®cial CT-value enhancemenas comparedto the single-
slice scannerA pro®lealongthe z-axis @ig. 13-b!# makes
clearthatthereare hardly any deviationsbetweerthe differ-
ent reconstructionsand scanmodalities. This is the reason
why we haveonly showntwo exemplarypro®lesthe onefor
180ELland the pro®leof ASSR96,which is the worst per-
forming scanneregardingthe CT-valueconstancyThe off-
centerpro®le@®ig. 13¢'# however,clearly con®rmghe ob-
servedHU deviationsof ASSR96.Neverthelesghe shapeof
the phantomis not signi®cantlydistortedby ASSR96.Again,
the off-centerpro®lesof the otheralgorithmsaretoo similar
to the 180ELIpro®leto be depictedin the plot.

To completeour evaluationswve havefurtherdonea com-
parison to the original single-slice rebinning algorithm'*
which usesnontilted slices and a ray-by-ray optimization.
We have achievedthis using ASSR with zerotilt angleg
5 OE andthe PL optimization-of course for nontiltedslices
the PL approachis equivalentto the PO approach We will
further denotethesesettingsby SSR-single-slicerebinning.
The reconstructedslicesat zg52 30mm, 2 25 mm, and 0
mm using SSR12through SSR96+.e., table incrementsd
5 12mm...96mm) aregivenin Fig. 14. Obviouslythe arti-
fact contentis increasechiscomparedo ASSR.Forlow table
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incrementvaluesthis becomesevidentfrom the slicesat zg
52 30mmandzg52 25mm.

Moreover, SSR showsa behaviorwhich is also known
from other approximatecone-beamalgorithms® With in-
creasingcone angle the artifact level increasesdrastically.
Especiallyfor d5 64mm and d5 96mm the image quality
becomesunacceptable Severe cone-beamartifacts appear
especiallyaroundthe petrousbone,the frontal sinus,andits
surroundingbones.Thus evenfor the relatively small cone
anglesasusedin this paper,it paysout to usethe advanced
approachASSR,i.e., tilted reconstructiorplanes.

VI. DISCUSSION

The advancedsingle-slicerebinningASSR hasthe poten-
tial to becomea practicaltool for 3D cone-beameconstruc-
tion in medicalspiral CT. Both its performanceandthe im-
agequality arenearlycomparableo the gold standardspiral
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Fic. 10. Comparisonbetweendiffer-
ent scannerausing the headphantom.
The scan parametersare given in
Tablel. The top four lines are recon-
structed at the zpositions zg
52 30mm, 2 25mm,2 2 mm,0 mm.
The bottomtwo lines are coronaland
sagittal MPRs containing the axis of
rotation.

single-sliceCT. It hasbeenshownthat ASSR outperforms
other known approximatecone-beamalgorithms, not only
regardingimagequality, but alsocomputationtime 1* More-
over, ASSR canmakeuseof availablebackprojectiorhard-
ware since the backprojectionprocedureis in 2D. A very
importantfact is that ASSR doesnot drasticallyincreasethe
artifact level when going from small cone angles,such as
ASSR16,to moderateconeanglesasin ASSR96.0f course,
thereis an upperlimit for the numberof detectorlines and
for the table incrementof the spiral scanas hasbeenthor-
oughly discussedaboveand in Appendix B. Nevertheless,
this is no restrictionfor medical CT sincecone-beanscan-
nerswith much more than 60 or 70 detectorrows are un-
likely to be built.

Regardingmagenoiseno signi®cantifferencesbetween
the standardz-interpolation algorithmsand the single-slice
rebinninghavebeenfound ~Table I!. The reasonis that all
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Fic. 11. Comparisonbetweendiffer-
ent scanneraising the headphantom.
The scan parametersare given in
Tablel. The top four lines are recon-
structed at the zpositions zg
52 30mm, 2 25mm,2 2 mm,0 mm.
The bottomtwo lines are coronaland
sagittal MPRs containing the axis of
rotation.

Fic. 12. In uence of Aon the artifact
level. We haveuseda quite sparsere-
constructionincrementD ag the opti-
mal value was doubled to emphasize
the artifacts. As can be clearly seen,
the additionalz-®Iteringdrasticallyre-
ducesthe artifactsemanatingrom the
right inner ear. ParametersASSR96,
zg5 0, linear line weights.
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Fic. 13. ~-ad MPRs-planex5 0) of the DefrisetPhantom-~0/30. Therange
depictedis 2 81mm< z< 1 81mm at a voxel size of 0.5 mm. -b! axial

pro®les-ine x5 y5 0) of 180ELI1.5and ASSR96.~! axial pro®lesoff-

centerine x5 0, y5 50 mm! of 180ELI1.5and ASSR96. The pro®les
f(0,02) and f(0,50mm,z) showthereconstructeabjectfunctionalongthe
z-axis for the 180ELIscan-solid line! andfor ASSR96-dashedine!. The
correspondingpro®lesfor the other scansare too similar to depict their
differencesin the plot.

algorithmshavethe sameamountof datacontributingto the
image~assuming® 0): 180ELIcanbe regardedasaninter-
polation betweentwo half-scanswith equally distributedin-
terpolationweightsin @, 1#andthe sameappliesto ASSRin
the caseof Z5 0 where z-interpolationis done betweenthe
two closestavailabletilted slices-which were reconstructed
from two rebinnedhalf-scansaswell!. Answeringthe ques-
tion of patientdoseis a questionof collimator design.Since
ASSRat its presenttatecannotmakeuseof redundantata
~n the senseof arti®ciallyincreasinghe requirednumberof
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detectorrowd, it is advantageous$o collimate out unused
detectorarease.g.,seeFig. 6!. In this casethe noisevalues
of Table| show that no differencein patientdosewill be
observedvhenusingASSR.However theinability of ASSR
to makeuseof overlappingdatais a disadvantagéor medi-
cal applicationswhich often requireto useoverlappingpitch
valuesin orderto accumulatedoseand thus reduceimage
noise.Neverthelessimagenoisecanbe reducedby increas-
ing thetubecurrentor by simply increasingherotationtime
of thescannerincreasinghetubecurrentmayin somecases
belimited dueto technicalreasonstubeload butdecreasing
the rotation speedwill be equivalentor superiorbregarding
image noise and temporal resolutionbto using redundant
data.

Sincethe ASSRreconstructiortime is dominatedby the
2D backprojectionandsinceit hasbeenshownat the end of
Sec.lV H that ASSR approximatelyrequiresas many back-
projectionsper slice thicknessasrecommendedior standard
spiral z-interpolation algorithms, there is only a slight de-
creasein reconstructionspeedas comparedto 180ELI-as-
suminga reconstructiorincrementof one-third of the slice
thickness. The decreasén reconstructiorspeedmainly re-
sults from the rebinning procedureand from the z-®ltering.
In contrastto the 180ELIreconstructionspeedof ASSR s
not dependenton the user selectablereconstructionincre-
ment: Tilted imagesare precomputedat incrementsof Dag
and the ®nalz-®lteringstepto yield the imageat zg is not
time consuming.

A very importantfact of ASSR not mentionedexplicitly
aboveis its high temporalresolutionwhich lies in the order
of t,,/2 sinceonly abouthalf a rotationis neededo recon-
structa tilted image-~fegardingthe centralray!. Exactcone-
beamalgorithms,in contrast,require a signi®cantlylarger
rangeof scandata~n manycaseghe completedatasetcon-
tributesto eachvoxel to reconstructa single slice which
resultsin a loss of temporalresolution.Thusin caseof pa-
tient motion, patient breathingor cardiac motion, the ad-
vancedsingle-slicealgorithmswill perform superiorto the
exactalgorithmssincefewermotionartifactswill showupin
theimages.

Moreover, it is possibleto apply methodsto reducepa-
tient doseat constantimage quality by adaptive®lteringin
the raw datadomainand to reducemetal artifacts using a
similar technique. Respective results are shown
elsewherg?1°

Since ASSRis formulatedas a rebinningalgorithmit is
ableto handlearbitrary detectorgeometriesbesidesthe cy-
lindrical and "at horizontally aligned detectorsdiscussed
above Moreover,all kinds of known geometricaimisalign-
mentscan be includedin the rebinning equationswhich is
especiallyimportantfor micro CT applicationswhere most
of the misalignmentsareunavoidableandnot easyto correct
mechanically. Realizing these supplementsto ASSR is
straightforwardand thus will not be explicitly statedin this
paper-the manifoldnesf possibledetectorgeometriesand
possiblemisalignmentsvould not allow for a brief formula-
tion of theseextensionk

Summarizing,we think that ASSR offers a multitude of
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advantagesincluding reconstructionspeed,image quality,
“exibility with respectto possiblescannergeometriesand
misalignmentsand robustnessThus ASSRis a very prom-
ising candidatefor future medical and nonmedicalspiral
cone-beanCT applications.
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APPENDIX A: CYLINDRICAL DETECTOR

Here we are going to give the coordinatetransformation
whengoing from the "at (u,v)-detectorto a cylindrical de-
tectorcenterecaboutthe focuswith coordinateg b,b) where
b is the angle of the ray with respectto the centralray ~b
countsalongthe negativeu-axid andb is the vertical posi-
tion at the cylindrical detectorandthusdirectly corresponds
to the at detector'sv:

Rr sina sir-al b!
Re cosa LY -Rp1 Re! os-al b!

da/2p 0

K

Using Eq. ~11! we can®ndthe correspondindgransforma-

D:r~b,b!5
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Fic. 14. Noo's original single-slicere-
binningalgorithmfor comparisonThe
three rows correspond to zg

52 30mm, 2 25 mm, and0 mm. The
images were reconstructed using
ASSRwith atilt angleof g5 OE and

theray-by-rayoptimizationPL ~or PO,
which is equivalentto PL in the case
of nontilted reconstruction planes.

These settings are equivalentto the
original algorithm -Ref. 14. A
51mm.

tion from cylindrical coordinates(b,b) to "at coordinates
(u,v):

u52 ~Rpl Re!'tanb,

. b
v cosb’

The inversetransformis

b52 tarf?!

Rol Re’

. sV Rol Rel
V COS —_—————,
ARp1 R:121 U2

APPENDIX B: A POSSIBLE SETUP FOR A
MEDICAL CT SCANNER

We here assumeto have a cone-beamscannerwith an
in-planegeometryequivalento atypical modernCT scanner
~SiemensSOMATOM Volume Zoom. This meansthat we
havethe following values®xed:

Rg5 570mm, Rp5 435mm, Ry5 250mm.

Our virtual scannethasa cylindrical areadetectoranda fan
angleof F 5 52E Thein-planeresolutionwill be determined

by the size Hand by the temporalintegration & of the de-
tectors. Since this is not object of this paper,we will only

considerthein uence of the detectorsize®\in zdirectionon
image quality and assumeto have reasonablesaluesfor A

and A
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Now, whatis the optimalnumberN,, of detectodinesand
what is their optimal size Ao yield a scannerwith high
volumescanningcapabilitiesanda high z-resolutiontogether
with the reconstructiorschemepresentedn this paper?

First, let us regardthe beampro®leat the centerof rota-
tion. It is madeup of the focal spotsizeAin the zdirection
~“we assumea rectangularintensity distributiorl and of the
detectorsize \-wherewe assumea 100% geometricalef®-
ciencyandarectangulasensitivitypro®lein the z-direction.
Both effectstogetheryield a trapezoidalpro®leat the center
of rotationwith a FWHM of

HRUFR,

DbS 3R

Bla

Assumingthata focal spotsizeof'é( Bcanberealized-asit
is the casein today's scanners the equationwill be domi-
natedby the detectorelementsizeandthusbelowwe will be
freeto use

R
Dbs BA—F

|
ol Re -B1bl
for convenience.
We know from Sec.IV H that we mustdemand

Re

DZpear @ Db

in order not to decreasethe theoreticalachievablespatial
resolution.

From Fig. 4 we ®ndthat the meanz-deviationlies below
2% of the table incrementper 360Erotation. Making use of
this fact andthe aboveequationwe canwrite

Re
0.03 dne5 - Db.

For a giventableincrementd< d,,,, we mustdemandor
the detectorsize Nbléin the zdirection

1F R
PR N

2p Rpl Re’

which meansthatthe detectormustat leastcovera rangeof
180Eplus the fan anglein orderto allow for full rebinning
~seerectangularareasin Fig. 6!. ~Tilting the detectorby a
certain angle about the central ray will almost completely
removethe effect of the fan angleF in the aboveequation
andreducethe numberof requireddetectorines by a factor
of 1.5. Detectordesignslike this canbe usedfor academic
reasonsbut sincethe detectoris dependenbn the table in-
crementandon thetabledirectionit is far from optimalfor a
multi-purposeCT-scannet.
Now usingd5 d,., andEq. -B1b!, we &d
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1F  Re
NbS Opr 0.0 RM$ 4.

The optimal size Bof a detectorline cannotbe determined

from theseequationssinceall formulasscaleaccordingto@\
in the zdirection. The detectorsize ratherhasto be deter-
minedfrom the requirement®f the scannere.g.by demand-
ing a certainspatialresolutionDb in the z-direction.
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