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To achievehighervolumecoverageat improvedz-resolutionin computedtomography~CT!, sys-
temswith a largenumberof detectorrowsaredemanded.However,handlingan increasednumber
of detectorrows, as comparedto today's four-slice scanners,requiresto accountingfor the cone
geometryof the beams.Many so-calledcone-beamreconstructionalgorithmshavebeenproposed
duringthelastdecade.Nonemetall therequirementsof themedicalspiralcone-beamCT in regard
to the needfor high imagequality, low patientdoseand low reconstructiontimes.We therefore
proposean approximatecone-beamalgorithm which usesvirtual reconstructionplanestilted to
optimally ®t180Éspiral segments,i.e., theadvancedsingle-slicerebinning~ASSR! algorithm.Our
algorithm is a modi®cationof the single-slicerebinningalgorithm proposedby Noo et al. @Phys.
Med.Biol. 44, 561±570~1999!#sincewe usetilted reconstructionslicesinsteadof transaxialslices
to approximatethespiralpath.Theoreticalconsiderationsaswell asthereconstructionof simulated
phantomdatain comparisonto the gold standard180ÉLI~single-slicespiral CT! werecarriedout.
Imageartifacts,z-resolutionaswell asnoiselevelswereevaluatedfor all simulatedscanners.Even
for a high numberof detectorrows the artifact level in the reconstructedimagesremainscompa-
rableto that of 180ÉLI.Multiplanar reformationsof the Defrisephantomshownoneof the typical
cone-beamartifactsusuallyappearingwhengoingto largerconeangles.Imagenoiseaswell asthe
shapeof the respectiveslice sensitivitypro®lesareequivalentto the single-slicespiral reconstruc-
tion, z-resolutionis slightly decreased.The ASSRhasthe potentialto becomea practicaltool for
medicalspiralcone-beamCT. Its computationalcomplexitylies in theorderof standardsingle-slice
CT andit allows to useavailable2D backprojectionhardware. • 2000AmericanAssociationof
Physicistsin Medicine.@S0094-2405~00!00804-X#
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I. INTRODUCTION

The introductionof multi-row detectorsystemsin 1998 of-
fered improvedcapability of volume scanning.Shorterex-
amination times at a higher z-resolution have become
available.1 Nevertheless,to achieveisotropic submillimeter
resolution,thesemulti-slice scanners,which typically mea-
surefour slicessimultaneously,still haveto usea low table
incrementd per rotation.Coveringcompleteorgans,suchas
the lung, at a high spatialresolutionduring a singlebreath-
hold is not alwaysfeasible.

Increasingthenumberof detectorrowswould remedythis
situation.Moreover, the use of areadetectorswould more
ef®cientlyusethe availablex-ray power,sincea largerpart
of the x-ray conewould haveto be utilized. Unfortunately,
whengoing to 16, 32, or evenmoredetectorrows,onecan-
not neglectthe effect of the increasingconeangleanymore,
as it is currentlydonein four-sliceCT. New reconstruction
algorithms that take into account that the measuredfan-
beamsaretilted with respectto the z-axis haveto be devel-
oped.

The developmentof the so-calledcone-beamreconstruc-

tion algorithmsis divided into two parts: the exactand the
approximatealgorithms.Exact algorithmstry to exactly in-
vert the cone-beamtransform,either by calculatingthe Ra-
don transform2,3 or by using a ®ltered backprojection
approach.4,5 Doing so, they face severalproblems.In many
algorithmsthe object has to be completelycoveredby the
cone-beamfor eachprojection.2,3 Recentapproachesover-
comethis problemby using datacombinationfor truncated
projectionsto calculatecompleteRadondata.This,however,
implies that for the caseof a spiral trajectorythe total spiral
scanrangehasto completelycover the object.The problem
of reconstructingan ROI ~region-of-interest;here, a range
alongthez-axis! from a spiralscanextendingoverthelength
of that ROI only becameto be known as the long object
problem.

Someexactalgorithmshandlethe long objectproblemby
addingtwo circlesat the beginningand the endof the scan
path,6 which is not easilyrealizablein medicalCT sincethe
table accelerationand decelerationmust not exceedcertain
valuesdue to mechanicaland patientcomfort reasons.The
algorithm proposedby Schalleret al.7 exactly handlesthe
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long objectproblemfor thecaseof a spiraltrajectorywithout
addingtwo circlesto the trajectory.Nevertheless,it doesnot
allow for a projectionwise,i.e., sequential,processingof the
measuredattenuationdata~raw data! which is of high inter-
est due to computer memory reasonsand reconstruction
speed.Evenif this problemwassolved,theexactalgorithms
havea relatively high computationalcomplexityin common
which makesthemslow andthussomehowbulky for theuse
in medicalCT.

On the otherhand,thereare the approximatecone-beam
algorithms.8±12 By not usingtheRadonspaceasan interme-
diate domain the long object problem is avoided.Further-
more, these algorithms are also easier to implement and
computationallylessdemanding.Nevertheless,with increas-
ing coneangletheyintroduceseverecone-beamartifactsand
thusareacceptablefor medicalCT only whenusinga rela-
tively low numberof detectorrows.13

We developed the advanced single-slice rebinning
~ASSR! algorithm to potentially overcomemost of these
problems.ASSR is primarily basedon Noo's single-slice
rebinning approach.14 However, ASSR uses tilted recon-
structionplanesinsteadof transaxialones.Unlike othersimi-
lar approachesfound in the literature15,16 ASSR is formu-
lated as a rebinning algorithm. The measuredspiral cone-
beamdataarerebinnedalongtilted reconstructionplanesto
parallel geometry.The tilt angleas well as the attachment
points to the spiral trajectoryof thesevirtual reconstruction
planesare optimized using a minimization procedure.The
rebinneddatasetsarereconstructedusinga conventional2D
parallel ®lteredbackprojectionto producetilted imagesin
spatialdomain.The stackof tilted imagesis thenresampled
with a z-®ltering procedureto give the ®nal reconstructed
volumedataon the Cartesiangrid.

ASSRis formulatedasa rebinningalgorithmandthus is
ableto handlealmostanypossibledetectorgeometryaslong
as the focus trajectoryis spiral andas long as the complete
requireddataaresampled.Theobjectof this paperwill beto
presentpractical and theoreticalconsiderationsconcerning
the ASSRalgorithmusinga medicalCT scannerwith cylin-
drical areadetectors.A setof reconstructedvirtual phantom
datacorrespondingto variousscanmodes~varying number
of detectorrows and varying table increment! will be pre-
sented.Comparisonsof the algorithm's performance~image
quality, dose,noise,reconstructionspeed,etc.! will be made
to single-slice spiral CT with 180ÉLI reconstruction,the
presentgold standard,sincethis is themostchallengingtask.
A benchmarkingof ASSRandotherapproximatecone-beam
algorithmswill be given in Ref. 13.

This paperis organizedasfollows. SectionII givesa brief
introduction into the notation and an alphabeticallysorted
list of all variablesusedin this paper.In Sec.III theoptimal
angle g to tilt the reconstructionplanesR is derived.The
reconstruction~i.e., the rebinningprocedure! itself is treated
in Sec.IV. It consistsof severalsubsectionsdealingwith the
coordinatesystemsand the correspondingtransformations
~SubsectionIV A!, theprojectionof anarbitrarypoint r onto
the detectorplane~SubsectionIV B! as well as how to cal-
culatethefocuspositionandthedetectorpositionfor a given

ray to rebin~SubsectionsIV C andIV D!. The lengthcorrec-
tion factor to correct for the angle betweenthe physically
measuredray and the virtual ray usedfor reconstructionis
derivedin SubsectionIV E. SubsectionIV F dealswith the
very importantproblemof how to obtainthe imagein world
coordinates,andthushow to avoidanotherinterpolationstep
from voxels in the tilted planesto voxels in the world's
Cartesiancoordinatesystem.Theremainderof Sec.IV sum-
marizesthe requiredstepsto obtain a tilted imageand an-
swersthe questionof how manytilted imagesat what angu-
lar increment are needed and how to perform the
z-interpolationto ®nallyendup with a reconstructedvolume.
Resultsare given in Sec. V and the paper ends with the
discussion,Sec.VI.

II. MATERIALS AND METHODS

The scanner'srotation angle usedin this paperwill be
describedby the projectionanglea. This anglewill be used
to parametrizethe completespiral trajectory and thus we
haveaP R. In the caseof a cylindrical detectorsystemwe
usethe angleb to describethe transaxialpositionof the ray
within the fan. The correspondingparameterswhen rebin-
ning to parallel geometryare j for the ray's distanceto the
origin and q for its angle.Figure 1 showsthe in-planege-
ometryof the cylindrical detectorscanner.

An importantconceptis the reconstructionposition a R .
Eachplanardatasetto be rebinnedwill be centeredabouta
certainangularposition a R . The correspondingcoordinate
in parallelgeometryq will countrelativeto a R andthuswe
haveq 1 a R5 a1 b . The sameappliesto the local coordi-

FIG. 1. In-planecoordinatesystemof the cylindrical detectorscanner.The
raysaredescribedby theangleb within the fan andthe rotationanglea of
the gantry in fan geometry.The correspondingparametersin parallel ~i.e.,
rebinned! geometryare j and q. This ®gure has been drawn assuming
a R5 0.
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natesystems:They are given relative to the reconstruction
positiona R . Especiallythey8axiscoincideswith thecentral
ray at a5 a R .

The fraction of a 360Érotationin parallelgeometryto be
utilized for reconstructionwill be denotedby f. The require-
ment for completenessis f > 1

2 and we will further assume
f < 1. The data neededfor reconstructionthus will range
from q 5 a R2 f p to q 5 a R1 f p .

Notationsand de®nitionsusedthroughoutthis paperare
givenbelow.Most of themdependon thecurrentreconstruc-
tion position a R . For conveniencethis dependencyis not
explicitly stated,thus the readershouldbe awareof the im-
plicit dependenceon a R . All primedparameterscorrespond
to thelocal coordinatesystem,i.e., to thelocal ~tilted! recon-
structionellipse and reconstructionplane.They dependim-
plicitly on a R .

b• c ¯oor function,yieldsgreatestintegerlower or
equal•

d• e ceil function,yieldssmallestintegergreateror
equal•

d(• ) Dirac's delta function
sgn(•) sign function suchthat x5 uxusgnx
xÚy maximumfunction, xÚy5 max(x,y)
xÙy minimum function, xÙy5 min(x,y)
a projectionangle,aP R
a * attachmentangleof the tilted planes;a recon-

structionplanecenteredabouta R will be at-
tachedto the spiral trajectory at a5 a R and
a5 a R6 a *

a8 focus position relative to the reconstruction
positiona R , a85 a2 a R

a L8 focuspositionfor thelongitudinalapproxima-
tion to usein rebinningwhentherebinnedray
hasthe parametersq 8 andj 8

a R projectionangleaboutwhich the reconstruc-
tion is centered

d table incrementper 360Érotation,dP R
D detectorplane;seeEq. ~2!
cose length correction factor to account for the

anglee betweenthemeasuredray andthevir-
tual ray usedfor reconstruction;seeSec.IV E

e(a ) elliptical trajectory of the virtual focus; see
Eq. ~6!; The ellipseis tilted by the angleg to
optimally match the given focus trajectory
s(a ) in the interval aP @a R2 f p ,a R1 f p )

f fraction of 360É~in parallel geometry! to be
usedfor reconstruction;Projectionanglesq
within @2 f p , f p ) will be used considering
projectionsrebinnedto parallel geometry; f
5 1

2 is a half-scanreconstruction,f . 1
2 means

overscandatato reduceinterpolationartifacts
F fan angle,F 5 2 sin2 1(RM /RF)
F fan-plane5 planewhich containsthe focusfor

a given a and a completefan of rays to be
usedfor reconstruction

g tilt angleof the reconstructionplaneR mea-
suredwith respectto the x-y-plane

o8 origin of the primed coordinatesystems;see
Eq. ~7!

p pitch value; it is de®nedas the table incre-
ment d divided by the intersectionlength of
the collimatedcone-beamandthe z-axis

p(a ,u,v) measuredprojectiondataat (a ,u,v)
p8(q 8,j 8) rebinnedprojectiondatain parallel geometry

correspondingto thereconstructionplaneR in
local coordinates(q 8,j 8)

p(q ,j ) rebinnedprojectiondatatransformedto world
coordinates~q, j !

r coordinatevector, r5 ( y
z

x

)
r (u,v) world coordinatesof detector~u, v); seeEq.

~2a!
R reconstructionplane,R. e(R); seeEq. ~8!
Rù X the line usedfor reconstructionof a certain

ray at a certainfocusposition
RD distancefrom detector to center of rotation

~z-axis!, in our case435 mm
RF distancefrom focus to centerof rotation ~z-

axis!, in our case570 mm
RM radiusof the ®eldof measurement~FOM!, in

our case250 mm
S slice thickness,as projectedonto the axis of

rotation5 physical beam width, i.e., z-range
overwhich a physicalaveragingis performed
during the measurementprocess

s(a ) spiral focustrajectory;seeEq. ~1!
q, j world's beam parametersin parallel geom-

etry; they describea parallel-beamthrough
o81 j j (q ) with direction h(q ). q is given
relativeto a R

q 8,j 8 local beamparametersin parallel geometry;
they describe a parallel-beam through
j 8j 8(q 8) with directionh8(q 8)

u, v detectorcoordinates
uF ,vF detectorcoordinatesfor the fan-beambased

approximationof a ray emanatingfrom focus
positiona8 througho81 j 8j 8(q 8)

u, v, w orthonormalbaseof the detectorcoordinate
system;u' z, vi z, and w points toward the
source

j , h , z world's parallel-beamcoordinatesystem~or-
thonormal! for therotationangleq; it is given
by rotating x, y and z by q 1 a R aroundthe
z-axis ~i.e., around z!; j 5 j (q ),h5 h(q ),
z5 z; seeSec.IV A

j 8,h8,z8 local parallel-beamcoordinatesystem~ortho-
normal! for the rotationangleq 8; it is given
by rotating x8,y8 and z8 by q 8 around the
z8-axis ~i.e., around z8); j 85 j 8(q 8), h8
5 h8(q 8), z85 z8; seeSec.IV A

x, y, z world's spatialcoordinates
x, y, z orthonormalbaseof theworld coordinatesys-

tem
x8,y8,z8 orthonormalbaseof the local coordinatesys-
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tem, x8 and y8 lie in R, the origin is o8; see
Sec.IV A

X x-ray plane5 plane containingboth the mea-
suredpencil beamand its correspondingvir-
tual beamusedfor reconstruction

z(x,y) z-coordinateof point rP R asa functionof its
x andy coordinates;seeEq. ~14!

zR reconstructionpositionof the ®nal~nontilted!
image

Dzmean averagedeviationof thefocusfrom therecon-
structionellipse

(C/W) window settingof thereconstructedimagesin
HU; C is the window center,W the window
width

During the restof the paperwe will be free to switch, if
convenient,from the primed parameterset to unprimedpa-
rameters.

Spiralcone-beamdataweresimulatedusingthededicated
simulationsoftwareDRASIM. A virtual scannerwith the ge-
ometrydescribedin AppendixB wasassumed.Our simula-
tions weredonewith 1-mm slice thickness.The only excep-
tion is the scanner with square detectors, i.e., a slice
thicknessof 0.335mm, which wasusedto achieveisotropic
sampling.Phantomde®nitionswere taken from the world-
wide phantomdatabaseat http://www.imp.uni-erlangen.de/
forbild

All reconstructionalgorithms were implementedon a
standardPC with dedicatedimagereconstructionandevalu-
ation software ImpactIR ~VAMP, MoÈhrendorf, Germany!;
reconstructiontime is below 5 s per imageon a 450 MHz
PentiumCPU with 256 MB of memory.

III. ADJUSTING THE RECONSTRUCTION PLANE

Our derivationswill be basedon a ¯at detectorgeometry
asillustratedin Fig. 2. As will beshownin AppendixA, the
¯at detectorcoordinatescanbe easily transformedto cylin-
drical detectorcoordinatesnecessaryto describethemedical
CT scannerusedfor the simulations.

We assumethe following spiral focustrajectory:

s~a !5 SRF sina
2 RF cosa

da /2p
D; aP R. ~1!

For the detectorplanewe ®ndthe parameterrepresentation:

D:r~u,v !5 S2 RD sina
RD cosa
da /2p

D1 uScosa
sina

0
D1 vS0

0
1
D, ~2a!

andthe normalrepresentation

D:x sina2 y cosa1 RD5 0. ~2b!

What is the optimum tilted planeto be centeredabouta
reconstructionpositiona R suchthat the focusdeviatesonly
minimally from thatplanewhenmovingfrom a5 a R2 f p to
a5 a R1 f p wheneverf gives the fraction of a full rotation
that is requestedfor reconstruction?Here we want to point

out that the minimization procedurewill be doneonly with
respectto thecentralray. Its angularvariablewill rangefrom
a5 a R2 f p to a5 a R1 f p . Contributions for noncentral
rays,which go beyondthis interval,will not beconsideredin
the optimization procedurefor convenience.Since we are
going to rebin from cone-beamgeometryto parallel-beam
geometrywe assumef to describethe data rangetaken in
parallel-beamgeometry.The angularvariableq in parallel
geometrywill rangefrom q 52 f p to q 51 f p . The mini-
mal requirementfor completedatais f 5 1

2, i.e.,only 180Éare
used to reconstructthe tilted plane's image. Nevertheless,
someoverscanmight be necessaryto reducestreakingarti-
facts,thus f . 1

2 might beuseful.Thedatarange~rangeof a!
required to rebin a rangeof 2p f of parallel data will be
roughly onefan anglelarger.

For simplicity we now assumea R5 0. Let R: x tang2 z
5 0 be thereconstructionplanetilted by theangleg aboutthe
central ray ~which has the direction 2 w that points for a
5 a R5 0 along the negativey-axis!. The intersectionof R
with the cylinder describedby the spiral focus trajectory
givesthe following ellipse:

e~a !5 RFS sina
2 cosa

tang sina
D; aP ~2 p ,p ! .

FIG. 2. Cone-beamcoordinatesystem.d: tableincrementper 360Érotation,
a: rotationangle,RF : distancefocusto thecenterof rotation,RD : distance
detectorto the centerof rotation,RM : radiusof the measurementcylinder.
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The tilt angleg shouldnow be chosensuchthat the mean
distanceof the focusto that ellipse is minimized:

g5 argmin
g

SE
2 f p

f p
daue~a !2 s~a !uqD1/q

5 argmin
g

SE
0

f p
daue~a!2 s~a !uqD1/q

, ~3!

whereqP (0,` # is a parameterto adjustthe degreeof opti-
mization.We will presentsolutionsfor the mostconvenient
settingq5 1 below.Othercasessuchasq5 2 andq5 ` ~the
essentialsupremum! which havealsobeenconsideredyield
resultssimilar to theq5 1 case.Moreover,ASSRhasturned
out to bequiterobustwith respectto slight changesof thetilt
angle, i.e., the reconstructionsusing q5 1, q5 2 or q5 `
hardly differ from eachother.

Since

ue~a !2 s~a !u5 URF tang sina2 d
a

2pU,
we will have the trivial intersectionof the plane and the
spiral pathat a5 0 and,as long as

1<
2p
d

RF tang<
f p

sin f p
,

there will be two more intersectionsat a56 a * with the
attachmentanglea * P (0,f p #. The angleg is thengiven by

tang5 d
a *

2p RF sina * . ~4!

Figure3 visualizesthe intersectionof the tubepathand the
tilted ellipse.

We are going to now show, that the caseof threeinter-
sectionsmustbe met in order to minimize Eq. ~3!. We will
do soby ruling out the two caseswith only oneintersection.

The ®rstsituationwith oneintersectiononly is given when-
everRF tang sin fp. (d/2p ) f p . The integrandthenreduces
to

ue~a !2 s~a !u5 RF tang sina2 d
a

2p
,

which monotonicallydecreases; aP @0,f p # with decreas-
ing g until RF tang sin fp5 (d/2p ) f p . For the secondcase
without intersection,RF tang, d/2p , we ®nd for the inte-
grand

ue~a !2 s~a !u5 d
a

2p
2 RF tang sina ,

which monotonicallydecreases; aP @0,f p #with increasing
g until RF tang5 d/2p . Consequentlythecaseof threeinter-
sectionsmust be met to further minimize the integrandand
thustheintegralEq.~3!. To ®ndtheoptimala * andthusthe
optimal g to minimize Eq. ~3! we regard the mean
z-deviation

Dzmean
~q! 5

d

2 f p 2 SE
0

f p
daUa *

sina * sina2 aUqD1/q

5
d

2 f p 2 SE
0

a*
daSa *

sina * sina2 a Dq

1 E
a*

f p
daSa2

a *
sina * sina DqD1/q

.

For the specialcaseq5 1 it yields

Dzmean
~1! 5

d

2 f p 2 Sa *
sina * ~11 cosf p 2 2 cosa * !

1
1

2
f 2p 22 a * 2D.

The minimizationof Dzmean
(q) for a given f with respectto a *

canbe easily calculatedby taking the zerovalueof the de-
rivative

]
] a * Dzmean

~q! 5 0,

which for q5 1 evaluatesto

cosa * 5 1
2~11 cosf p ! ,

which allowsusto directly calculatethetilt angleg from Eq.
~4!.

We haveincludedFig. 4 to showtherelationshipbetween
the rangeof anglesf neededfor reconstructionandthe opti-
mal a * for both q5 1 and q5 2 and to show the expected
meandeviationwhenusing the optimizedangles.The plots
in Fig. 4~b! con®rmthat there is hardly any differencebe-
tween q5 1 and q5 2 for small valuesof f. The expected
meandeviationlies around1.5%of the tablefeedregardless
of whetherq5 1 or q5 2 hasbeenchosenandregardlessof
whethera * is 60É,67Éor somethingin between.

Proceedingwith q5 1 we ®ndusingtheoptimizedsetting
cosa*5 1

2(11 cosfp) for the meanz-deviation:

FIG. 3. Plot of the functionsda /2p correspondingto the spiral trajectory
~linear curve! andRF tang sina correspondingto the reconstructionellipse
~sinusoidalcurve! to demonstratetheir intersectionsat0 and6 a * . Thisplot
is drawnfor a * 5 p /3 which minimizesthe areabetweenthe two functions
in the showninterval ~i.e., for f 5 1

2).

758 Kachelrieû, Schaller, and Kalender: Advanced single-slice rebinning 758

Medical Physics, Vol. 27, No. 4, April 2000



Dzmean
~1! 5 d

f 2p 22 2a * 2

4f p 2 . ~5!

Moreover,we want to look at the convenientcaseof a
180Éreconstruction( f 5 1

2). We then get for a * the three
intersectionangles2 60É,0É,and 60Éwhich is quite a nice
result becauseit uniformly divides the 180Érange.This re-
sultsin Dzmean5 d/72,which is only 1.4%of thetablefeedd.
Nevertheless,a very annoyingfact is the local maximumof
the deviation between e(a ) and s(a ) occurring for a
56 f p which is at the edgeof the graphin Fig. 3. It might
easilyyield reconstructionartifactsdue to imperfectmatch-
ing of opposingviews. Thus it shouldbe consideredto use
overscandatafor reconstruction,i.e., f . 1

2.

IV. RECONSTRUCTION

We now assumeto havea ®xeda * andthusthe slope

tang5 d
a *

2p RF sina *

of the ellipse is alsoa ®xedvalue.
Furtheron we allow for arbitraryvaluesof thereconstruc-

tion position a R and thus we have to give the generalized
formula for the ellipse:

e~a !5 o81 RFS sina
2 cosa

tang sin~a2 a R!
D ~6!

suchthat the physicalfocuspositions(a ) longitudinally ~in
z-direction! correspondswith the virtual focuspositione(a )
for all aP @a R2 f p ,a R1 f p ). The origin o8 of the primed
coordinatesystemis given by

o85 S0

0

d
a R

2p

D. ~7!

The generalnormal representationof the R-planecaneasily
bederivedfrom thegeneralizedellipseformula.Theresultis

R:x cosa R tang1 y sina R tang2 z1 d
a R

2p
5 0. ~8!

Sincethe reconstructionwill be centeredabouta R , the re-
constructionalgorithmscan in principle be derived for a R
5 0 followed by a substitutionof a by a8ª a2 a R .

The aim is to determinewhich rays of the cone-beam
shouldbeusedto synthesizetheprojectiondataof thevirtual
scannerthat rotatesin R along e(a ). Of coursetheserays
will not lie completelyin R exceptfor a5 a R6 a * and a
5 a R . Severalstrategiesarepossible.

First, onecanusecompletefansof beams~i.e., planesF!
that emanatefrom the sourceandall rayswithin sucha fan
shallbetakenfor reconstruction.In otherwords,this method
is basedon selectingcompletefansfor eachtubepositiona
for a reconstructioncenteredabouta R . Thesefanswill then
be rebinnedto parallelgeometry.

The secondpossibility is basedon a ray-by-rayoptimiza-
tion. For each ray that will be demandedfor the parallel
rebinning the optimal correspondingtube position and the
slopewith respectto the reconstructionplaneR will be cal-
culated.

Now for eachof thesetwo possibilitiesof ray selection
there are two possibilitiesof what kind of approximations
will be allowed.The ®rstpossibleapproximationis that all
rays will be projectedonto R in longitudinal direction ~z-
direction! only. Theotherpossibility is anorthogonalprojec-
tion onto the reconstructionplane.

To summarize,thepossiblefour combinationsof approxi-
mationsare

FL: Fan-beambased,Longitudinalapproximations
FO: Fan-beambased,Orthogonalapproximations
PL: Parallel-beambased ~ray-by-ray!, Longitudinal ap-

proximations
PO: Parallel-beambased~ray-by-ray!, Orthogonalapproxi-

mations

FIG. 4. Illustration of the optimizationprocedure.~a! optimal a* asa func-
tion of f. Optimizationwas done for the casesq5 1 ~lower graph! and q
5 2 ~uppergraph!. For f, around1

2, oneshoulduseanglesbetween60Éand
67Éto attachR to the focus trajectory.~b! relativez-deviationof the focus
from the reconstructionplaneR asa functionof f. Theoptimizedanglesa*
wereused.Thus,four graphsareshown.Top: Dzmean

(1) whenminimizing the
q5 2 deviation.Secondfrom top: Dzmean

(1) whenminimizing theq5 1 devia-
tion. Secondfrom bottom: Dzmean

(2) when minimizing the q5 1 deviation.
Bottom: Dzmean

(2) whenminimizing the q5 2 deviation.Obviously,whenus-
ing only a small overscanfraction~i.e., f lies at or only slightly above1

2! one
shouldchooseattachmentanglesaround65É.The expectedmeandeviation
will then be about 1.5% regardlessof whether q5 1 or q5 2 has been
chosenfor optimizationor for calculationof the deviation.
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However,sinceit hasturnedout thatthedifferencesbetween
theseoptionsarenegligiblewe will only presentthe de®ni-
tions and rebinningequationsfor the FL method,which is
the mostsimpleone.

Although all following considerationsonly use elemen-
tary geometry,the multitudeof different coordinatesystems
and the complexity of the ray geometriesfor a given focus
position a and detectorsu and v togetherwith the tilted
planesunderconsiderationcomplicatethesituation.Thusbe-
fore startingto discusstheFL reconstructionmethodwe will
do somepreparations®rst.

A. Coordinate systems

The global j -h-z systemis given by rotating the x-y-z
axesby q 1 a R aboutthe z-axis.The basevectorsare

j ~q !5 Scos~a R1 q !
sin~a R1 q !

0
D, h~q !5 S2 sin~a R1 q !

cos~a R1 q !
0

D,

z~q !5 S0
0
1
D5 z.

We de®nethe local ~i.e., correspondingto a given recon-
struction position a R) tilted coordinatesystemwith base
(x8,y8,z8) to haveboth the x8- and the y8-axis lying in R.
The y8-axis shall coincidewith the centralray at projection
a5 a R . Thuswe have

x85 Scosa R cosg
sina R cosg

sing
D, y85 S2 sina R

cosa R

0
D,

z85 S2 cosa R sing
2 sina R sing

cosg
D.

Rotatingthis systemby q 8aboutthez8-axisyields the local
parallelgeometryj 8-h8-z8 systemwith the basevectors

j 8~q 8!5 Scosa R cosq 8cosg2 sina R sinq 8
sina R cosq 8cosg1 cosa R sinq 8

cosq 8sing
D,

h8~q 8!5 S2 cosa R sinq 8cosg2 sina R cosq 8
2 sina R sinq 8cosg1 cosa R cosq 8

2 sinq 8sing
D,

z8~q 8!5 S2 cosa R sing
2 sina R sing

cosg
D5 z8.

All coordinatesaregiven with respectto the world coor-
dinatesystem'sbase~x, y, z!. Thecenterof theabovegiven
coordinatesystemis located at the primed origin o8. All
primedandthuslocal coordinatesystemsreduceto their cor-
respondingworld coordinatesystems~unprimedidenti®ers!
whenevera R andg areset to zero.

It will turn out that the transformationbetweenlocal ray
parameters(q 8,j 8) andglobal ray parameters~q, j ! is quite
important.It is given from the longitudinalprojection~along
z! of a ray from local to world coordinates.To be more
precise:For a given ray with the parameters(q 8,j 8) we are
looking for the parameters~q, j ! that the correspondingline
would yield after having been projected into the plane z
5 0. Mathematicallythis yields the term

P~o81 j 8j 8~q 8!1 Rh8~q 8! ! 5 j j ~q !1 Rh~q ! ,

with the projectionoperator

P5 S1 0 0

0 1 0

0 0 0
D.

This allowsusto derivethedesiredtransformationrules.We
will just statethe results:

cosq 5
cosq 8

Acos2 q 81 cos2 g sin2 q 8
,

sinq 5
sinq 8cosg

Acos2 q 81 cos2 g sin2 q 8
, ~9!

j 5
j 8cosg

Acos2 q 81 cos2 g sin2 q 8
.

To calculatethe primed parametersas a function of the
unprimedoneswe needthe inversetransformof Eq. ~9!:

cosq 85
cosq cosg

Asin2 q 1 cos2 g cos2 q
,

sinq 85
sinq

Asin2 q 1 cos2 g cos2 q
, ~10!

j 85
j

Asin2 q 1 cos2 g cos2 q
.

For convenience,Fig. 5 givesa view onto the reconstruction
planeR andtheprimedcoordinates.Furtherwe want to give
a usefulrelationshipthatdirectly becomesevidentfrom Eqs.
~9! and~10!:

Acos2 q 81 cos2 g sin2 q 8Asin2 q 1 cos2 g cos2 q 5 cosg.

B. Projections onto the detector plane

It will be necessaryto know the projection of a given
point r from the focus locations(a ) onto the detector.The
calculationis uninstructive,we will simply statetheresultin
detectorcoordinatesu andv :

u5 r ~2 x cosa2 y sina ! ,
~11!

v5 r Sd
a

2p
2 zD

with
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r 5
RD1 RF

x sina2 y cosa2 RF
,

wherex, y, andz denotethe componentsof r .

C. Focus position for the longitudinal approximation

The planecontainingthe measuredray usedfor the ap-
proximationandits correspondingvirtual ray will bedenoted
by X. Theconditionthatmustbesatis®edfor thelongitudinal
approximationis: Themeasuredandvirtual ray mustlie in a
planeparallel to the z-axis, i.e., Xi z ~longitudinal approxi-
mation!.

Since h8(q 8) i X and o81 j 8j 8(q 8)P X the plane X is
fully determined:

X:~h8~q 8!3 z! •~r2 ~o81 j 8j 8~q 8! ! ! 5 0.

Its intersection

Xù s~R! :~h8~q 8!3 z! •~s~a !2 ~o81 j 8j 8~q 8! ! ! 5 0

with the spiral focustrajectorydeterminesthe desiredfocus
positiona5 a81 a R :

RF~cosq 8sina82 sinq 8cosa8cosg !2 j 8cosg5 0.

Insteadof solving for a8we useEq. ~9! andget

RF sin~a82 q !2 j 5 0,

which is advantageous,since it is alreadystatedin world
coordinates.The familiar result

a L8~q ,j ! ª a85 q 1 sin2 1
j

RF

determinesthe focuspositionto be usedto rebin the ray ~q,
j ! usingthe longitudinalapproximation.

Furtheron we maystatethattherangeof a neededfor the
reconstructionis

aP @a R2 f p 2 1
2F ,a R1 f p 1 1

2F #,

wherewe haveusedF 5 2 sin2 1 (RM /RF) for the fan angle
andj P @2 1

2RM , 1
2RM# andq P @2 f p , f p ).

D. Point of intersection for the fan-beam based
approximation

Thefan to beusedfor a certainfocuspositions(a ) inter-
sectsthe reconstructionplaneR at a line throughits origin
o8. Theaveragedeviationof theplaneF thatcontainsthefan
andthe planeR is thusminimized.F is de®nedby the three
points

s~a ! , e~a2 1
2p ! , and e~a1 1

2p ! ;

Fù R is the line

Fù R:o81 t 1~e~a1 1
2p !2 e~a2 1

2p ! ! with t 1P R
~12a!

FIG. 5. Plane R and ellipse e(a ). The shadedareadepictsthe FOM. The
local coordinatesystemx8-y8-z8 is shownas well as the rotatedparallel
coordinatesystemj 8-h8-z8. The halfaxesof the ellipseareRF /cosg and
RF , respectively.Thex-ray ~solid line L! emanatingfrom thesourceabove
R penetratesthe reconstructionplaneat Lù R andhits thedetectorbelowR
~dashedline L!. Thefocusappearsto belocatedoutsidetheellipsesincethis
®gure'sview is along 2 z8. The dotted line depictsthat ray of the focus
which intersectsthe planeR at the origin o8 of the primedcoordinatesys-
tems. The line that depicts the detectoris the intersectionFù D of the
currentfan-beamwith the detectorplane.

FIG. 6. Parametricplot of the detectoroccupation(u,v) as a function of ~q, j ! for q rangingfrom q 52 1
2p ~top line! to q 5 1

2p ~bottomline! in stepsof
1/10p andj P @2 RM ,RM#. Geometricparametersasgiven in AppendixB havebeenchosen:RF5 570mm, RD5 435mm, RM5 250mm. Table increment
was chosenas d5 72mm ~and thus Dzmean5 1 mm) to yield a mean deviation of below 0.5 mm when projectedonto the edgeof the FOM. f 5 1

2, a *
5 60É, g' 1.4É. ~a! flat detector.Requesteddetectorsize:981 mm3 92 mm. The longitudinalextentionof 92 mm correspondsto an effectivedetectorsize
of 52 mm at thecenterof rotationandthusa pitch of 1.38.~b! cylindrical detector.Requesteddetectorsize:52É3 83 mm5 912mm3 83 mm.Thelongitudinal
extensionof 83 mm correspondsto an effectivedetectorsizeof 47 mm at the centerof rotation~seeAppendixA!.
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through the points e(a6 1
2p ) which cuts the ellipse into

halves.This line of intersectionis not necessarilyperpen-
dicular to o82 s(a ). The x-ray plane X is de®nedby the
point s(a ) and a line througho81 j 8j 8(q 8) with direction
h8(q 8). Obviously the intersectionXù Fù R is given by
intersectingFù R with the line

Xù R:o81 j 8j 81 t 2h8 with t 2P R. ~12b!

This meanssolving

o81 t 1~e~a1 1
2p !2 e~a2 1

2p ! ! 5 o81 j 8j 81 t 2h8

for at leastoneof thefreeparameterst 1 andt 2 . Subtracting
o8 and multiplying by j 8directly yields t 1 which, inserted
into Eq. ~12a!, givesthe point of intersection

Xù Fù R:

o81
j 8cosg

cosq 8cosa81 cosg sinq 8sina8S cosa
sina

tang cosa8
D.

At the detectorthis resultsin the projectionat

u5
RD1 RF

RF

j 8cosg
cosa8cosq 81 sina8sinq 8cosg

,

v5
RD1 RF

RF
S j 8cosa8sing
cosa8cosq 81 sina8sinq 8cosg

2 d
a8
2p D,

which is evennicer whengoing to world coordinates:

uF~q ,j ,a8! ª u5
RD1 RF

RF

j
cos~a82 q !

,

vF~q ,j ,a8! ª v5
RD1 RF

RF
Sj cosa8tang

cos~a82 q !
2 d

a8
2p D.

As one can easily see,the resultingcontributionsare lines
v(u) at the detectorwith

v~u!5 u cosa8tang2
RD1 RF

RF
d

a8
2p

.

As anexample,Fig. 6 depictsthecorrespondingcurvesat
thedetectorwhenusinguF andvF togetherwith a L8(q ,j ) as
describedin Sec. IV C. The angle a8 is not ®xed in this
®gure;it ratheris a functionof j andq: a85 a L8(q ,j ). Thus
Fig. 6 depictsthe detectorfor varying sourceand detector
location.Moreover,dueto thehigh aspectratio of thedetec-
tor it seemsas if the line for q 5 0 washorizontalwhich is
not really the case!

E. Length correction

Sincethe virtual raysthat aregoing to be usedfor recon-
structionand their correspondingmeasuredrays differ by a
small angle« we mustapply a lengthcorrectionto yield the
correctvirtual projectionvaluesfrom the measuredattenua-
tion.

So calculatethe cosineof the angle«5 «(a8,q ,u,v) be-
tweenthe measuredandthe virtual ray

cos«5
~r~u,v !2 s~a ! !

ur~u,v !2 s~a !u
• h8~q !5

Su cosa2 ~RD1 RF!sina
u sina1 ~RD1 RF!cosa

v
D

Au21 v21 ~RD1 RF! 2
•

S2 sin~q 1 a R!cosg
cos~q 1 a R!cosg

2 sinq sing
D

Asin2 q 1 cos2 g cos2 q

5
u sin~a82 q !cosg1 ~RD1 RF!cos~a82 q !cosg2 v sinq sing

Au21 v21 ~RD1 RF! 2Asin2 q 1 cos2 g cos2 q

~where again a85 a2 a R) and weight the measureddata
with this value.

F. How to reconstruct in world coordinates

Theparallelprojectiondatawe havecalculatedup to here,
for a R ®xed,correspondto the following projectionthrough
the object function f (x,y,z):

p8~q 8,j 8!5 Edx8dy8f~x,y,z!d~x8cosq 8

1 y8sinq 82 j 8!uz5 z~x,y! ~13!

with xx1 yy1 zz5 o81 x8x81 y8y8 andthus

z~x,y!5 x cosa R tang1 y sina R tang1 d
a R

2p
, ~14!

which follows from Eq. ~8!.
It is easyto reconstructthe object function in local coor-

dinates,becausethe object function f8(x8,y8,0) in local co-
ordinates can be reconstructeddirectly from p8(q 8,j 8).
Nevertheless,if one had reconstructedthe object in local
coordinatesanotherinterpolationstepfrom voxelsat discrete
locationsin x8, y8, z8 to discretevoxel positionsin x, y, z
would be necessaryto transformthe function to the world
coordinatesystemandto accountfor the correspondingdis-
tortions.

We will avoid this stepby proceedingwith Eq. ~13!. Us-

762 Kachelrieû, Schaller, and Kalender: Advanced single-slice rebinning 762

Medical Physics, Vol. 27, No. 4, April 2000



ing the transformationsgiven in Sec.IV A to transformEq.
~13! ~i.e., j 8, q8, x8, andy8) to world coordinateswe get

p8~q 8,j 8!5 Edx dy

cosg
Asin2 q 1 cos2 g cos2 q f~x,y,z!

3 d~x cos~a R1 q !

1 y sin~a R1 q !2 j !uz5 z~x,y! .

The cosg in the denominatorresults from the Jacobian
] (x8,y8)/] (x,y). De®ning

p~q ,j ! ª
cosg

Asin2 q 1 cos2 g cos2 q
p8~q 8,j 8!

5 Edx dyf~x,y,z!d~x cos~a R1 q !

1 y sin~a R1 q !2 j !uz5 z~x,y! ~15!

yields the desiredresult since this function can be recon-
structedwith standardmethodssuchas ®lteredbackprojec-
tion or Fourier reconstructioneventuallyusingavailablere-
constructionhardware.Theresultwill havethecorrectx and
y coordinates.Theonly interpolationremainingto bedoneis
the onein z.

G. Putting everything together

Thecompleterebinningprocedureto gaintheparallelraw
datafor oneof the tilted slicesR that canreadily be recon-
structedto yield the correspondingimage plane in world
coordinatesconsistsof severalsteps:

· Choosea R .

· For eachq P @2 f p , f p ) andeachj P @2 1
2RM , 1

2RM#

ÐCalculate the relativefocuspositiona L8 asdescribedin
Sec.IV C.

ÐFrom a L8 calculatethe detectorcoordinatesuF and vF
which werederivedin Sec.IV D.

ÐAssign

p~q ,j ! ª
cosg

Asin2 q 1 cos2 g cos2 q

3 cos« p~a L81 a R ,uF ,vF! .

The cos« factor @«5 «(a L8,q ,uF ,vF)# is the lengthcor-
rection to account for the angle between the measured
~physical! ray and the virtual ray usedfor reconstructionas
hasbeenderivedin Sec.IV E. Thesquareroot factorderived
in Eq. ~15! may be interpretedas a length correctionwhen
going from the local to the global coordinatesystem.

ÐIf f . 1
2 do not forget to accountfor the overscanby

properoverscanweighting.

· Reconstructthe rebinnedrawdataset p(q ,j ) to yield
the correspondingobject function f (x,y,z) with z
5 z(x,y) given in Eq. ~14!.

Thedescribedrebinningprocessmustaccountfor thedis-
cretenatureof the projectiondata.In principle this will lead
to a trilinear interpolation betweenneighboringmeasured
datapoints in a, u andv . Of coursemoresophisticatedin-
terpolationfunctionsarepossible.We will seebelow a case
where specialcare has to be taken when interpolatingbe-
tweenadjacentdetectorrows (v-direction!.

For performancereasonswe suggestto build lookup
tablesfor all necessaryvaluesof a L8, uF and vF together
with the correspondingtrilinear interpolation weights, the
lengthcorrectionfactorsandthe overscanweighting.

The remainingproblemis the interpolationbetweenvox-
els in z-direction.This is only possibleif a certainnumberof
neighboringimageshavebeenreconstructed.This naturally
leadsto thequestionof what valuesof a R to useto gain the
completevolumewithout losing information.

H. Where to reconstruct

We now considertwo successivereconstructionpositions
a R1 anda R2 to derivea conditionfor their maximalspacing
Da Rª a R22 a R1 .

This conditioncanbe found by looking at the two corre-
spondingreconstructionellipses.Their maximal distancein
z-directionwill bea measureof thelower limit of theachiev-
able z-resolution. However, since we want to reconstruct
within the FOM only, we arenot going to regardthe recon-
structionellipsesthemselvesbut ratherthecorrespondingel-
lipses at the edgeof the FOM, i.e., the intersectionof the
reconstructionplaneR and the measurementcylinder of ra-
dius RM . The maximaldistanceof two suchellipseswill be
denotedby Demax andit caneasilybe checkedthat

Demax5 Ud Da R

2p
1 2RM tang sin

1

2
Da RU. ~16!

This maximalvalueoccursfor a5 1
2(a R11 a R2)1 p . Obvi-

ously, the deviationDemax canbe madearbitrarily small by
reducingthe reconstructionincrementDa R .

To estimatetheachievablez-resolutionandthusa reason-
able voxel size Dz we have to take into accountthat the
rebinningprocedurealreadyintroducesanerrorin z sincethe
focustrajectoryhasan averagedeviationof Dzmeanfrom the
reconstructionellipse~seeSec.III !.

Moreover, the ®nite detector width of the detector in
z-directionhasto betakeninto account.We will assumethat
the meanbeamwidth ~averagedover the FOM! is known
andwe will denoteit by S. If thefocal spotis of in®nitesimal
size,thenSsimply denotesthe®nitedetectorwidth projected
onto the centerof rotation. In generalthe focal spot is of
®nite size and thus has to be taken into account.If it is
comparableto the detectorwidth then the beamwould be
nondivergentand S would stand for some averageof the
focal spotsizeandthe detectorwidth. In 2D CT onewould
call S the collimatedslice width.

At this point we want to be quite pragmatic.We assume
that thesethreesourcesof error canbe approximatelytaken
into accountby convolving the object function with three
rectanglefunctionsof the correspondingwidths
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d
Da R

2p
1 2RM tang sin

1

2
Da R ,

RM

RF
Dzmean, and S.

As onecansee,we aregoing to regardthe error at the edge
of the FOM which is the region of lowest achievable
z-resolution.Moreover,we haveleft awaytheabsolutevalue
function sincewe havesgntang5 sgnd and we simply as-
sumeDa R. 0 andd. 0 without lossof generality.

It can be shown that the FWHM ~full width at half-
maximum! of theconvolutionof threerectanglefunctionsof
widths a, b, andc is given by

aÚbÚc

aslong as2(aÚbÚc). a1 b1 c. In otherwords,theFWHM
is givenby themaximumof thewidthsaslong asthis maxi-
mum exceedsthe sum of the two smallerwidths ~for other
casesthe situation becomesmore complicated!. Since our
reconstruction shall not decreasethe system's inherent
z-resolution,describedby S, we haveto demand

d
Da R

2p
1 2RM tang sin

1

2
Da R1

RM

RF
Dzmean< S.

UsingtheformulaEq. ~4! for tang andEq. ~5! for Dzmean
we ®nally®nd~assumingDa R to be positive!

1

2
Da R1

RM

RF

a *
sina * sin

1

2
Da R<

p
d

S2
RM

RF

f 2p 22 2a * 2

4f p
.

~17!

As an examplelet us consideragainthe geometricsetup
which has already been used to produce Fig. 6: RF
5 570mm, RM5 250mm, d5 72mm. Using f 5 1

2 and a *
5 1

3p yields a reconstructionincrementof Da R' 1.8Éwhen
assuminga slice thicknessof S5 1 mm. Thus 200 recon-
structionsper rotationor 2.8 reconstructionsper slice thick-
nessarenecessary.

Equation~17! canbeusedto determinethemaximalpos-
sible table incrementsince the right handside of Eq. ~17!
mustneverbecomezeroor negativewhich means

d<
RF

RM

4f p 2

f 2p 22 2a * 2 S. ~18!

For our speci®cgeometricalsettingswe ®ndd< 164S. Nev-
erthelesswith increasingrelative table incrementd/S the
numberof reconstructionsper slice thicknessincreasesas
well. This is depictedin Fig. 7: As long as d< 100S about
two to ®ve reconstructionsper slice thicknessÐa number
that is alsorecommendedfor conventionalspiralCT1,17Ðare
required for optimal image quality. For table increments
higher than that, the numberof necessarybackprojections
increasesdrastically.

I. z-Interpolation in the Image Domain

Up to here we have a certain numberof reconstructed
images which correspondto f (x,y,z(x,y)) as described
above.What remainsto be done is the z-interpolation of
thosetilted imageplanesonto a Cartesiangrid. We do not
want to keepall thosetilted imagesin memorybeforestart-
ing this interpolationstep.Let us thushavea closerlook at
the intersectionof a tilted planeR with theedgeof theFOM
~parametrizedby x5 RM sinf andy5 RM cosf ):

z~RM sinf ,RM cosf !5 RM cosa R tang sinf

1 RM sina R tang cosf 1 d
a R

2p

5 RM tang sin~a R1 f !1 d
a R

2p
,

wherewe haveusedEq. ~14! for thez-coordinate.Now for a
given z-position zR for the current slice to interpolateall
tilted imageswith

a RP
2p
d

~zR1 RM tang @2 1,1#!

needto bekept in memory.This equationcanbegeneralized
if advanced®ltersin z-direction shall be usedthat require
additionalroom for interpolation,let's sayzÅ:

a RP
2p
d

~zR1 ~zÅÚRM tang !@2 1,1#! .

This requiresto hold

d2~zÅÚRM tang !

dDa R/2p e
adjacenttilted imagesin memory.

For the exampleabove,this makes11 slices before the
image interpolationfor a given z-position can start ~herezÅ
wasassumedto be zero!.

Theobjectfunction f (x,y,z) is up to now knownonly for
values z5 z(x,y) as given from Eq. ~14! for discretea R

FIG. 7. Numberof necessary2D backprojectionsper slice thicknessS asa
functionof the relativetableincrementd/S. As long as the tableincrement
lies below 100S approximatelytwo to ®ve reconstructionsper slice thick-
nessare required.This is roughly the numbersuggestedfor conventional
spiral CT as well. Using larger table incrementsdrastically increasesthe
numberof backprojectionsandthus the reconstructiontime. RF5 570mm,
RM5 250mm, f 5 1

2, a * 5 1
3p .
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P DaRZ. We usethe following weightingequationto obtain
the transaxialimagef (x,y) at the positionzR :

f~x,y! ª
( a R

L ~z2 zR! f~x,y,z!

( a R
L ~z2 zR! U

z5 z~x,y!

.

Thedenominatorproperlynormalizesthe interpolatedobject
function.L (• ) denotesthe triangularweightingfunction. Its
width ~5 half of the baseline! is chosenas follows. From
Eq. ~16! we know the maximum distanceof two adjacent
reconstructionellipsesprojectedonto the edgeof the FOM.
At r5 Ax21 y2 this distancecorrespondsto

Ud Da R

2p
1 2r tang sin

1

2
Da RU

andthe interpolationat ~x,y! is doneusinga triangular®lter
of ~half! width

Ud Da R

2p
1 2r tang sin

1

2
Da RUÚzÅ.

This ensures the ®lter to cover the data gaps in the
z-directionanda minimal width of zÅis achievedaswell.

V. RESULTS

In order to give somemore explicit examplesof how to
use the theoreticalresultsderived in the sectionsaboveto
determinepossiblescangeometriesand/orscanparameters,
we havediscusseda possiblesetupfor a medicalCT scanner

~AppendixB!. The simulationsperformedbelow correspond
to the medicalCT scannerusingscanparameterswhich are
within the limits derivedin AppendixB.

To evaluatethe ASSRalgorithmwe havesimulatedvari-
ousgeometrieswhich aregiven in TableI. Thesegeometries
vary only in z-direction but not in the transaxialdirection,
i.e., the numberof detectorchannels,their spacing,etc. re-
mainedconstant.

It turnedout that ASSRis very robustwith respectto the
kind of approximation~longitudinal,orthogonal,or fan-beam
basedand parallel-beambased! used.There are no visible
differencesbetweentheseoptions.Moreover,the variations
introducedby varying the attachmentanglea * ~at least in
the rangefrom 55Éto 70É! arenegligibleaswell. Therefore
all of theimagespresentedbelowarereconstructedusingthe
FL ~fan-beambased,longitudinal! approximation,an attach-
ment angleof 60Éand f 5 52%. The main reasonfor these
factsare~a! the scansettingssimulatedarewithin the error
rangeEq. ~18!, i.e., d, 164S, which obviouslyensuresgood
resultsfor any of the four possibleapproximationmethods
and~b! the integrationalongthedetectorintroducesartifacts
of more dominant magnitudedue to imperfect transitions
betweendetectorrows.

Obviouslyfact ~b! deservesmoreattention.We havethus
preparedFig. 8 which showsa reconstructedslice for three
different reconstructionincrementsDa R . As Da R decreases
~at constantscanparametersandz-®lteringwidth! theartifact
leveldecreasesalso.A ®rstconclusiononecandrawis to use
Da R as low as reasonablyacceptableregardingthe compu-

FIG. 8. In¯uence of Da R and the line
interpolationtechniqueon the artifact
level. Imagestwo and three were re-
constructedwith half anda quarterof
the ®rst image's reconstructionincre-
ment. For the last two imagesa qua-
dratic interpolation betweendetector
rowswasusedinsteadof the linear in-
terpolation. Parameters:ASSR32, zR

52 14mm, zÅ5 1 mm.

TABLE I. Tableof thesimulatedgeometries.We haveincludeda single-slicescanwith 180ÉLIreconstructionanda multi-slice reconstructionfor comparison.
ThenumberM of detectorrowscorrespondsto therowsrequiredby our algorithmandnot to the~larger! numberof simulateddetectorrows.Thenoisevalues
s weremeasuredin a circular ROI ~diameter25 mm! locatedin the centerof the ventricleat z5 0 as the standarddeviationof the CT values.The scanner
ASSR36wasaddedto haveisotropicsamplingof thevolume.Its slicethicknessSwasselectedequalto thedetectorsizein b direction~valuesprojectedonto
the centerof rotation!. Commonparameters:attachmentanglea * 5 60É, f 5 52%.

Name d S M s g Cone Comment

180ÉLI1.5 1.5 mm 1 mm 1 8.1 HU Ð 0É 180Élinear interpolation
180ÉMFI6 6 mm 1 mm 4 9.0 HU Ð 0.30É 180Émulti-slice ®lteredinterpolation
ASSR6 6 mm 1 mm 4 7.6 HU 0.12É 0.30É advancedsingle-slicerebinning
ASSR12 12 mm 1 mm 8 8.5 HU 0.23É 0.70É advancedsingle-slicerebinning
ASSR16 16 mm 1 mm 12 7.9 HU 0.31É 1.11É advancedsingle-slicerebinning
ASSR32 32 mm 1 mm 21 8.7 HU 0.62É 2.01É advancedsingle-slicerebinning
ASSR64 64 mm 1 mm 40 8.5 HU 1.24É 3.92É advancedsingle-slicerebinning
ASSR96 96 mm 1 mm 60 8.2 HU 1.86É 5.93É advancedsingle-slicerebinning
ASSR36 36 mm 335 mm 66 9.4 HU 0.70É 2.19É isotropic ASSR
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tational demands.Then the streaking artifacts which are
emanatingin this casefrom the inner ear and the frontal
sinuswill be averagedawaysincemoreintegrationsalonga
given projectioncontributeto eachz-interpolatedimage.It
mustbementionedthatthez-interpolationitself andthe®lter
width zÅremainedunchangedwhen decreasingDa R . De-
creasingthereconstructionincrementthusonly increasesthe
numberof datapointscontributingto the z-®lter.

In addition, Fig. 8 also includes two imagesthat were
reconstructedusing quadratic~convolution with a triangle
anda rectanglefunction! insteadof linear ~convolutionwith
a triangle function! weights for interpolation betweenthe
detectorrows.This quadraticinterpolationsmoothesthe im-
perfecttransitionsbetweenthe rows andthuseffectively re-
ducesthestreakingartifacts.Nevertheless,onemustnot for-
get that a loss in z-resolution is introducedby quadratic
weightingaswell ~seeTableII !.

Our implementationof thez-interpolationproceduretakes
therequired®lterwidth zÅasa freely selectableparameter.A
triangular®lteraswide asthemaximumof both,spacingand
zÅ, is usedin z-direction~Sec.IV I!. Thebehaviorfor varying
zÅcanbe seenin TableII aswell. For small requiredwidths,
theslicepro®lesarehardlychangingsincethespacingof the
tilted imagesis the dominatingfactor for z-®ltering.Never-
theless,for zÅ> 1 mm the FWHM of the slice sensitivitypro-
®leincreasesasdoeszÅ.

The most interestingresult of Table II is that the ®gures
giventhereapplyto all simulatedASSRscanners.Obviously
theshapeandthedimensionsof theSSPsareneitheraffected
by the numberof detectorrows nor by the simulatedtable
increment.Thusthe ASSRalgorithmis very robustwith re-
spectto the simulatedscanmode.The slice pro®lequality
index SPQI17 is the same~at leastup to 6 1%! for the cone-
beam and the conventionalspiral scanners.This indicates
that theshapesof all pro®lesarevery similar. Sinceplotting
the pro®lescon®rmsthis indication, i.e., thereis no signi®-
cantdifferencein theSSPs'shape~exceptfor a scalingalong
the abscissa!, we omit the correspondingplots.

However, as it is well known that SSPsmight change
whengoingoff-centerwe haveadditionallyinvestigatedoff-
centerpro®les.Raw data for the following four off-center
deltaobjectsweregeneratedandreconstructed:

d~y6 r !d~x!d~z! North, South,

d~x6 r !d~y!d~z! East and West.

The distancer to the isocenterwas chosento be r5 1
2RM

5 125mm. TheNorth/Southpeakslie at a distanceof 5 mm
from the a.p. edgeof the headphantomwhereasthe East/
Westpeaksarelocated29 mm off thelateralboundaryof the
headat z5 0. For all simulatedgeometriesit turnedout that
the SSP variations are lower than what is known from
180ÉLI.This is clearlycon®rmedby Fig. 9 which showsthe
SSPobtainedat the isocenter~solid line! togetherwith the
four off-centerSSPs~dashedanddottedlines!. We havecho-
sento depictASSR64sinceit representsthe behaviorof the
othergeometriesvery well. Obviously the deviationsof the
dashedand dotted lines of ASSR64@Fig. 9~b!# are smaller
than for 180ÉLI@Fig. 9~a!#. Including additional z-®ltering
@Fig. 9~c!#improvestheoff-centerbehaviorevenmore.With
respectto off-centerSSPvariationsASSRis obviouslyper-
forming betterthanthe standardz-interpolation180ÉLI.

A comprehensivecomparison of the simulated scan
modesbetweenASSRanda spiral single-slicescannerwith
p5 1.5 is given in Figs. 10 and 11. We havetakencareto
selectthe presentedslices in an unprejudicedway: For zR
52 25mm the single-slicescannerperformsbetter, for zR
52 2 mm the ASSRalgorithmis superiorwhereasthe per-
formanceat zR52 30mm and zR5 0 mm seemsto be bal-
ancedbetweenthe conventionaland the cone-beamgeom-
etry. Nevertheless,as it canbe seenfrom the examplewith
d5 64mm, the resultsdependon the absoluteangularposi-
tion of the tube: ASSR64 shows severe artifacts at zR
52 30mm but a simulation of the samescannerwith the
start angleincreasedby 90É,ASSR641 90É, showsfar less
artifacts in the respective slice. All scans, except for
ASSR641 90É, were orientedso as to have the sametube
position at z5 0 which, in other words meansthat all scan
trajectoriesintersectat z5 0.

Moreover,it canbe seenfrom these®guresthat the arti-
fact content and the artifact level of the reconstructions
ASSR6throughASSR96doesnot increasedrasticallywith
increasingtable increment.Concentratingupon z5 0 as the
bestpositionfor comparisons~sincetherethe tubepositions

TABLE II. Figuresof merit ~Ref. 17! of the slice sensitivitypro®lesfor the simulatedscannersfor ®vedifferent ®lterwidths zÅfor all simulatedcone-beam
scanners.The valuesaregiven in multiplesof the slice thicknessS to allow to includethe isotropicscannerASSR36.Sinceall simulatedscanners~ASSR6,
ASSR12,ASSR16,ASSR32,ASSR64,ASSR96,ASSR36! yield the same®guresof merit up to the given precision,the tablesdo not distinguishbetween
them!The®guresof merit of thesingle-slicescanner180ÉLI1.5yield FWHM5 1.1S, FWTM5 1.9S, SPQI5 81% andthedescriptorsof thefour-slicescanner
with multi-slice ®lteredinterpolation180ÉMFI6yield FWHM5 1.4S, FWTM5 2.3S, SPQI5 81%.

Linear line weighting Quadraticline weighting

zÅ FWHM FWTM SPQI zÅ FWHM FWTM SPQI

0.0S 1.3S 2.3S 80% 0.0S 1.5S 2.6S 79%
0.5S 1.4S 2.4S 80% 0.5S 1.5S 2.7S 79%
1.0S 1.6S 2.8S 80% 1.0S 1.8S 3.1S 79%
1.5S 2.0S 3.5S 80% 1.5S 2.1S 3.7S 80%
2.0S 2.5S 4.2S 80% 2.0S 2.5S 4.4S 79%
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of all scansare the same! and ignoring ASSR641 90Éone
canseealmostno signi®cantdeteriorationof theimagequal-
ity except for the scan with the highest table increment
~ASSR96! which shows a very slight HU enhancement
aroundthe right inner ear. The multiplanar reformationsat
the bottomof the ®gurescon®rmtheseresultsfor the com-
plete reconstructedvolume: no signi®cantimagedeteriora-

tion when going to larger coneangles.However,regarding
the MPRsonly, 180ÉLIperformsbetterthanthe otheralgo-
rithms.

Comparingthe ASSR reconstructionsto the single-slice
180ÉLI reconstructionshows no severedrawbacksfor the
approximatecone-beamreconstruction.The artifact content
in the imagesis comparableor only slightly increasedas
comparedto the single-slicescan.An impressivefact is that
the reconstructionof the 43 1 mm scannerwith a table in-
crementof d5 6 mm yields lessartifactswhenusingthe ad-
vancedsingle-slicerebinningalgorithm~ASSR6! thanwhen
using the standardmulti-slice ®lteringalgorithm 180ÉMFI.
Even in the caseof four simultaneouslymeasuredsliced it
might pay out to use ASSR insteadof typical multi-slice
z-interpolationalgorithms.

To showthein¯uenceof theadditional®lteron theimage
quality, especiallythe artifact level, we haveperformedre-
constructionsof theheadphantomwith zÅ5 0 mm, 1 mm,and
2 mm. In Fig. 12 the in¯uence of zÅbecomesquite clear:
z-®lteringreducestheartifactsalmostcompletely.It mustbe
emphasizedthat we have arti®cially increasedthe recon-
structionincrementDa R to producevisible differencesin the
printout of Fig. 12; using the optimal reconstructionincre-
mentasderivedabove,almostno artifactswould be visible
evenfor zÅ5 0 andtheconceptof additionalz-®lteringwould
not be necessaryin the absenceof noise.

The performanceof ASSRin reconstructingthe Defrise±
Phantom~Feldkamp±Killer ! is demonstratedin Fig. 13. The
phantom consists of a stack of ellipsoids with r x5 r y
5 80mm and r z5 7.5mm ~half-axes! centeredat x5 y5 0
andz5 Z• 24mm. Obviouslynoneof the typical cone-beam
artifactsareintroducedhere,exceptfor a HU-valuedeviation
for theASSR96scanner.Regardingthis ®gureit seemsasif
ASSR16 through ASSR64 would perform better than the
gold standard180ÉLI:The edgesof the phantomshow no
arti®cialCT-valueenhancementas comparedto the single-
slice scanner.A pro®lealong the z-axis @Fig. 13~b!# makes
clearthat therearehardlyanydeviationsbetweenthediffer-
ent reconstructionsand scanmodalities.This is the reason
why we haveonly showntwo exemplarypro®les:theonefor
180ÉLIand the pro®leof ASSR96,which is the worst per-
forming scannerregardingthe CT-valueconstancy.The off-
centerpro®le@Fig. 13~c!#, however,clearly con®rmsthe ob-
servedHU deviationsof ASSR96.Nevertheless,theshapeof
thephantomis not signi®cantlydistortedby ASSR96.Again,
the off-centerpro®lesof the otheralgorithmsaretoo similar
to the 180ÉLIpro®leto be depictedin the plot.

To completeour evaluationswe havefurtherdonea com-
parison to the original single-slice rebinning algorithm14

which usesnontilted slices and a ray-by-ray optimization.
We have achievedthis using ASSR with zero tilt angle g
5 0Éandthe PL optimization~of course,for nontiltedslices
the PL approachis equivalentto the PO approach!. We will
furtherdenotethesesettingsby SSR~single-slicerebinning!.
The reconstructedslicesat zR52 30mm, 2 25 mm, and 0
mm using SSR12through SSR96~i.e., table incrementsd
5 12mm...96mm) aregiven in Fig. 14. Obviously the arti-
fact contentis increasedascomparedto ASSR.For low table

FIG. 9. Center~solid line! andoff-center~dashedanddottedlines! SSPsfor
the standardalgorithm 180ÉLIand ASSR64.The pro®levariations~devia-
tions from the centerpro®le! are reducedby ASSR. Additional z-®ltering
yields, not surprisingly,evennicer pro®les.The horizontal grid lines have
beenplacedat onetenthof themaximumvalue,at half themaximumvalue
andat themaximumvalue,respectively.~a! 180ÉLIvariations.~b! ASSR64
variationswith zÅ5 0. ~c! AASR64 variationswith zÅ5 1 mm.
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incrementvaluesthis becomesevidentfrom the slicesat zR
52 30mm andzR52 25mm.

Moreover,SSR showsa behaviorwhich is also known
from other approximatecone-beamalgorithms:13 With in-
creasingcone angle the artifact level increasesdrastically.
Especiallyfor d5 64mm and d5 96mm the imagequality
becomesunacceptable.Severecone-beamartifacts appear
especiallyaroundthe petrousbone,the frontal sinus,andits
surroundingbones.Thus evenfor the relatively small cone
anglesasusedin this paper,it paysout to usethe advanced
approachASSR,i.e., tilted reconstructionplanes.

VI. DISCUSSION

Theadvancedsingle-slicerebinningASSRhasthepoten-
tial to becomea practicaltool for 3D cone-beamreconstruc-
tion in medicalspiral CT. Both its performanceandthe im-
agequality arenearlycomparableto thegold standardspiral

single-sliceCT. It hasbeenshownthat ASSR outperforms
other known approximatecone-beamalgorithms,not only
regardingimagequality, but alsocomputationtime.13 More-
over, ASSRcanmakeuseof availablebackprojectionhard-
ware since the backprojectionprocedureis in 2D. A very
importantfact is that ASSRdoesnot drasticallyincreasethe
artifact level when going from small cone angles,such as
ASSR16,to moderateconeanglesasin ASSR96.Of course,
thereis an upperlimit for the numberof detectorlines and
for the table incrementof the spiral scanas hasbeenthor-
oughly discussedaboveand in Appendix B. Nevertheless,
this is no restrictionfor medicalCT sincecone-beamscan-
ners with much more than 60 or 70 detectorrows are un-
likely to be built.

Regardingimagenoiseno signi®cantdifferencesbetween
the standardz-interpolationalgorithmsand the single-slice
rebinninghavebeenfound ~Table I!. The reasonis that all

FIG. 10. Comparisonbetweendiffer-
ent scannersusing the headphantom.
The scan parametersare given in
Table I. The top four lines are recon-
structed at the z-positions zR

52 30mm, 2 25 mm,2 2 mm,0 mm.
The bottom two lines are coronaland
sagittal MPRs containing the axis of
rotation.
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FIG. 11. Comparisonbetweendiffer-
ent scannersusing the headphantom.
The scan parametersare given in
Table I. The top four lines are recon-
structed at the z-positions zR

52 30mm, 2 25 mm,2 2 mm,0 mm.
The bottom two lines are coronaland
sagittal MPRs containing the axis of
rotation.

FIG. 12. In¯uence of zÅon the artifact
level. We haveuseda quite sparsere-
constructionincrementDa R ~the opti-
mal value was doubled! to emphasize
the artifacts. As can be clearly seen,
the additionalz-®lteringdrasticallyre-
ducesthe artifactsemanatingfrom the
right inner ear. Parameters:ASSR96,
zR5 0, linear line weights.
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algorithmshavethe sameamountof datacontributingto the
image~assumingzÅ5 0): 180ÉLIcanbe regardedasan inter-
polationbetweentwo half-scanswith equallydistributedin-
terpolationweightsin @0, 1#andthesameappliesto ASSRin
the caseof zÅ5 0 wherez-interpolationis donebetweenthe
two closestavailabletilted slices~which werereconstructed
from two rebinnedhalf-scansaswell!. Answeringthe ques-
tion of patientdoseis a questionof collimator design.Since
ASSRat its presentstatecannotmakeuseof redundantdata
~in thesenseof arti®ciallyincreasingtherequirednumberof

detectorrows!, it is advantageousto collimate out unused
detectorareas~e.g.,seeFig. 6!. In this casethe noisevalues
of Table I show that no differencein patient dosewill be
observedwhenusingASSR.However,theinability of ASSR
to makeuseof overlappingdatais a disadvantagefor medi-
cal applicationswhich often requireto useoverlappingpitch
valuesin order to accumulatedoseand thus reduceimage
noise.Nevertheless,imagenoisecanbe reducedby increas-
ing thetubecurrentor by simply increasingtherotationtime
of thescanner.Increasingthetubecurrentmayin somecases
belimited dueto technicalreasons~tubeload! but decreasing
the rotationspeedwill be equivalentor superiorÐregarding
image noise and temporal resolutionÐto using redundant
data.

Sincethe ASSRreconstructiontime is dominatedby the
2D backprojection,andsinceit hasbeenshownat theendof
Sec.IV H that ASSRapproximatelyrequiresasmanyback-
projectionsper slice thicknessasrecommendedfor standard
spiral z-interpolationalgorithms,there is only a slight de-
creasein reconstructionspeedas comparedto 180ÉLI~as-
suminga reconstructionincrementof one-thirdof the slice
thickness!. The decreasein reconstructionspeedmainly re-
sults from the rebinningprocedureand from the z-®ltering.
In contrastto the 180ÉLIreconstructionspeedof ASSR is
not dependenton the user selectablereconstructionincre-
ment:Tilted imagesareprecomputedat incrementsof Da R
and the ®nalz-®lteringstepto yield the imageat zR is not
time consuming.

A very importantfact of ASSR not mentionedexplicitly
aboveis its high temporalresolutionwhich lies in the order
of t rot/2 sinceonly abouthalf a rotation is neededto recon-
structa tilted image~regardingthe centralray!. Exactcone-
beamalgorithms,in contrast,require a signi®cantlylarger
rangeof scandata~in manycasesthecompletedatasetcon-
tributes to eachvoxel! to reconstructa single slice which
resultsin a lossof temporalresolution.Thus in caseof pa-
tient motion, patient breathingor cardiac motion, the ad-
vancedsingle-slicealgorithmswill perform superiorto the
exactalgorithmssincefewermotionartifactswill showup in
the images.

Moreover, it is possibleto apply methodsto reducepa-
tient doseat constantimagequality by adaptive®lteringin
the raw data domain and to reducemetal artifacts using a
similar technique. Respective results are shown
elsewhere.18,19

SinceASSR is formulatedas a rebinningalgorithm it is
able to handlearbitrary detectorgeometriesbesidesthe cy-
lindrical and ¯at horizontally aligned detectorsdiscussed
above.Moreover,all kindsof ~known! geometricalmisalign-
mentscan be included in the rebinningequationswhich is
especiallyimportant for micro CT applicationswheremost
of themisalignmentsareunavoidableandnot easyto correct
mechanically. Realizing these supplementsto ASSR is
straightforwardand thuswill not be explicitly statedin this
paper~the manifoldnessof possibledetectorgeometriesand
possiblemisalignmentswould not allow for a brief formula-
tion of theseextensions!.

Summarizing,we think that ASSR offers a multitude of

FIG. 13. ~a! MPRs~planex5 0) of the Defrise±Phantom~0/30!. The range
depictedis 2 81mm< z< 1 81mm at a voxel size of 0.5 mm. ~b! axial
pro®les~line x5 y5 0) of 180ÉLI1.5and ASSR96.~c! axial pro®lesoff-
center ~line x5 0, y5 50 mm! of 180ÉLI1.5and ASSR96.The pro®les
f (0,0,z) and f (0,50mm,z) showthereconstructedobjectfunctionalongthe
z-axis for the 180ÉLIscan~solid line! and for ASSR96~dashedline!. The
correspondingpro®lesfor the other scansare too similar to depict their
differencesin the plot.
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advantages,including reconstructionspeed,image quality,
¯exibility with respectto possiblescannergeometriesand
misalignments,androbustness.ThusASSRis a very prom-
ising candidatefor future medical and nonmedicalspiral
cone-beamCT applications.
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APPENDIX A: CYLINDRICAL DETECTOR

Here we are going to give the coordinatetransformation
whengoing from the ¯at (u,v)-detectorto a cylindrical de-
tectorcenteredaboutthefocuswith coordinates(b ,b) where
b is the angleof the ray with respectto the central ray ~b
countsalong the negativeu-axis! andb is the vertical posi-
tion at the cylindrical detectorandthusdirectly corresponds
to the ¯at detector'sv :

D:r~b ,b!5 SRF sina
2 RF cosa

da /2p
D1 ~RD1 RF!S2 sin~a1 b !

cos~a1 b !
0

D
1 bS0

0
1
D.

UsingEq. ~11! we can®ndthecorrespondingtransforma-

tion from cylindrical coordinates(b ,b) to ¯at coordinates
(u,v):

u52 ~RD1 RF! tanb ,

v5
b

cosb
.

The inversetransformis

b52 tan2 1
u

RD1 RF
,

b5 v cosb5
v~RD1 RF!

A~RD1 RF! 21 u2
.

APPENDIX B: A POSSIBLE SETUP FOR A
MEDICAL CT SCANNER

We here assumeto have a cone-beamscannerwith an
in-planegeometryequivalentto a typical modernCT scanner
~SiemensSOMATOM Volume Zoom!. This meansthat we
havethe following values®xed:

RF5 570mm, RD5 435mm, RM5 250mm.

Our virtual scannerhasa cylindrical areadetectoranda fan
angleof F 5 52É. Thein-planeresolutionwill bedetermined
by the size bÅand by the temporalintegrationaÅof the de-
tectors.Sincethis is not object of this paper,we will only
considerthe in¯uenceof thedetectorsizebÅin z-directionon
imagequality and assumeto havereasonablevaluesfor bÅ
andaÅ.

FIG. 14. Noo's original single-slicere-
binningalgorithmfor comparison.The
three rows correspond to zR

52 30mm, 2 25 mm, and0 mm. The
images were reconstructed using
ASSR with a tilt angleof g5 0É and
theray-by-rayoptimizationPL ~or PO,
which is equivalentto PL in the case
of nontilted reconstruction planes!.
These settings are equivalent to the
original algorithm ~Ref. 14!. zÅ
5 1 mm.
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Now, what is theoptimalnumberNb of detectorlinesand
what is their optimal size bÅto yield a scannerwith high
volumescanningcapabilitiesanda high z-resolutiontogether
with the reconstructionschemepresentedin this paper?

First, let us regardthe beampro®leat the centerof rota-
tion. It is madeup of the focal spotsize fÅin the z-direction
~we assumea rectangularintensity distribution! and of the
detectorsizebÅ~wherewe assumea 100%geometricalef®-
ciencyanda rectangularsensitivitypro®lein thez-direction!.
Both effectstogetheryield a trapezoidalpro®leat the center
of rotationwith a FWHM of

Db5
bÅRFÚfÅRD

RD1 RF
. ~B1a!

Assumingthata focal spotsizeof fÅ< bÅcanberealized~asit
is the casein today's scanners!, the equationwill be domi-
natedby thedetectorelementsizeandthusbelowwe will be
free to use

Db5 bÅ
RF

RD1 RF
~B1b!

for convenience.
We know from Sec.IV H that we mustdemand

Dzmean<
RF

RM
Db

in order not to decreasethe theoreticalachievablespatial
resolution.

From Fig. 4 we ®ndthat the meanz-deviationlies below
2% of the table incrementper 360Érotation.Making useof
this fact andthe aboveequationwe canwrite

0.023 dmax5
RF

RM
Db.

For a given tableincrementd< dmax we mustdemandfor
the detectorsizeNbbÅin the z-direction

d
p 1 F

2p
5 NbbÅ

RF

RD1 RF
,

which meansthat the detectormustat leastcovera rangeof
180Éplus the fan anglein order to allow for full rebinning
~seerectangularareasin Fig. 6!. ~Tilting the detectorby a
certain angle about the central ray will almost completely
removethe effect of the fan angleF in the aboveequation
andreducethe numberof requireddetectorlines by a factor
of 1.5. Detectordesignslike this can be usedfor academic
reasonsbut sincethe detectoris dependenton the table in-
crementandon thetabledirectionit is far from optimal for a
multi-purposeCT-scanner.!

Now usingd5 dmax andEq. ~B1b!, we ®nd

Nb5 dp 1 F

2p
RF

0.023 RM
e5 74.

The optimal size bÅof a detectorline cannotbe determined
from theseequations,sinceall formulasscaleaccordingto bÅ
in the z-direction. The detectorsize ratherhas to be deter-
minedfrom therequirementsof thescanner,e.g.by demand-
ing a certainspatialresolutionDb in the z-direction.
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